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Introduction

The present paper aims to obtain quadratic sufficient minimality conditions for abnor-
mal trajectories in the problem on length minimizing curves in the sub-Riemannian
metrics. More precisely, we consider the trajectories that are subjected to (or, as one
also says, are tangent to) some distribution on which some submetric is given; by a
submetric, we understand an arbitrary positive sublinear functional on the distribu-
tion. In particular, it can be a sub-Riemannian metric. (Thus, the class of metrics that
1s studied in the paper is substantially wider than the class of sub-Riemannian metrics
which is indicated in the title, but we have left this term in the title as a recognizable
“key word.”)

First, we deal with the following problem. Let a “singular” (i.e., a strictly ab-
normal) trajectory of some submetric that connects two given point be given. What
would be quadratic sufficient conditions for this trajectory to be really the shortest
one (with respect to a given submetric) among all other curves from some neighbor-
hood of the given trajectory, which connect the same two points? This situation fits
well into the framework of general class of optimal control problems that are linear in
control, for which, in the case where the examined trajectory is singular [9], sufficient
conditions of some quadratic order for the strong minimum and for the so-called Pon-
tryagin minimum are already known. A direct use of these general results allows one
to obtain quadratic sufficient conditions for the strong minimality and for the Pon-
tryagin minimality of singular trajectories for distributions and manifolds of arbitrary
dimensions.

Moreover, these conditions can be subjected to further (rather nontrivial) trans-
formations, as a result of which we will arrive at some final form of these sufficient
conditions. These final conditions exactly coincide with the quadratic sufficient con-
ditions for rigidity that were obtained by A. A. Milyutin [15] not so long ago. Thus,
the quadratic sufficient conditions for the strong (or the Pontryagin) minimum for a
singular trajectory turn out to be identical to the quadratic sufficient conditions for
the rigidity (respectively, for the Pontryagin rigidity) of this trajectory. We stress once
more that all these results will be first obtained for singular trajectories.

On the other hand, it is known that the rigid trajectory of a given distribution
should not necessarily be a singular one for arbitrarily chosen metric on this distribu-
tion. In what follows, we consider the case of an arbitrary quadratically rigid trajectory
of some distribution, and, using the method that was proposed by A. A. Milyutin, we
make the “reverse” passage, i.e., from the conditions for rigidity, we pass to the con-
ditions for the strong minimum in an arbitrary submetric. As a result, we prove the

following statement.

Main Theorem 1. If a trajectory is quadratically rigid, then it yields a strong

minimum of the distance between two given points in any strictly convex submetric



(although this trajectory can become a nonsingular one).

(Here we give a somewhat simplified statement; actually, a weaker property of the

submetric than its strict convexity is required; see Assumption A3 and Theorem 8.1

below.)

The Pontryagin minimum is considered in a similar way with due regard for the
fact that here the rigidity and the minimality depend on the choice of basis of the

distribution. In this case, we prove the following statement.

Main Theorem 2. If, in some basis, a trajectory is quadratically rigid in the
Pontryagin sense, then, in any submetric from the sheaf corresponding to this basis, it
yields the minimum of distance between two given points with respect to the Wi 1 -norm,

i.e., with respect to the Ly -norm in the velocities.

(The exact definitions of all notions are given in Sec. 13, and the formulation of
the statement is given in Theorem 14.1.)

These theorems were announced by the author in [10]; they generalize and
strengthen the sufficient minimality conditions obtained in [13, 16, 17, 1] in the fol-
lowing directions: (a) only two-dimensional distributions and only sub-Riemannian
metrics were considered previously; (b) the conditions obtained in [19, 13, 16, 17| en-
sure the minimum only for small segments of the curve; (c) the conditions obtained
in [1] do not ensure the strong minimum; they guarantee only the Wj;-minimum;
(d) the conditions from [1] contain somewhat extra strong requirements that can be
essentially relaxed.

Note here that the problems of the rigidity and minimality of trajectories subjected
to distributions have been recently studied very intensively. Not pretending to the
completeness, note in this connection [3, 19, 13, 16, 17, 1, 15].

The following circumstance is worth noting. In spite of the fact that the problem
of finding the shortest curve is, by its definition, an extremum problem, basically only
the Pontryagin maximum principle, i.e., a necessary condition of the first order, has
been used until recently, out of the whole theory of extremal problems, for obtain-
ing minimality conditions in the above problem in the case of abnormal trajectories.
All further conditions have been obtained principally not by the application of some
general conditions to the given particular class of problems, but by the construction
of special and rather complex structures facilitating the analysis of just this class of
problems. Such a situation cannot be considered as satisfactory from the point of view
of the theory of extremal problems. In the present paper, we attempt to apply the
quadratic minimality conditions of singular trajectories that were previously obtained
for the general class of linear optimal control problems [5, 6, 7, 8] (the results of these
works which are necessary for us are summarized in [9]) to the given class of problems.

This attempt proved to be successful in the sense that we have managed to obtain



more general and more strong conditions than the already known ones. The quadratic
sufficient conditions turned out to be most full and complete; namely these conditions
will be the subject of the present paper. (In [15], the general quadratic minimality
conditions were applied, also successfully, for obtaining quadratic conditions for rigid-
ity; to this end, the concept of rigidity was first reduced to the concept of minimum

in some optimal control problem.)

The author is grateful to A. A. Milyutin for intensive discussion and useful advices,
and also to N. N. Petrov for noting the given class of problems as an object of pos-
sible application of previously obtained results. The work supported by the Russian
Foundation for Basic Research, projects 97-01-00135 and 96-15-96072.

Part 1
Sufficient Conditions for Strong
Minimality of Singular Trajectories

1 Statement of the Problem on the Curve of Mini-
mum Length in the Form of an Optimal Control
Problem

Since all our considerations are made in a neighborhood of some given curve that is
assumed to have no self-intersections, one can always assume that all is performed in
an ordinary n -dimensional space, in order not to shade the heart of the matter by
additional constructions related to a manifold.

Thus, assume that on an open connected set M in IR", there are given k twice

smooth vector fields ro(z),...,7,—1(x) that are linearly independent at every point of
M. (It is convenient to adopt the enumeration 0,1,...,k—1; this will be made clear
in the sequel.) These fields define a so-called distribution

I'(z) = Lin{ro(z), ..., m—1(x)} (1.1)

of dimension k& on the set M. In the case where M is contractible (and a neighbor-

hood of any trajectory that is of interest for us can always be considered to be such),
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the converse can also be stated: if a k-dimensional twice smooth (i.e., having twice
smooth basis in a neighborhood of each point of M) distribution I'(z) is given on
M, then there exist k twice smooth vector fields defined on the whole set M, that
form a basis of I'(z) at each point of M, i.e., satisfy relation (1.1). We do not require
that T'(z) should be bracket generating.

Definition 1.1. A real function ¢(z,%) of arguments z € M and z € I'(z) is
called a submetric on I'(z) if, for any fixed & € M, it is a positive sublinear function
of z, ie., if g(z,z) > 0 for any nonzero z € I'(z), q(z,aZ) = aq(z,z) Va >0,
and q(z,%; + T2) < q(@,21) + q(z,T2) VE,,72 € T(z) .

We assume a priori that the function ¢ is continuous in (z,Z); some assumptions
on its “twice smoothness” will be made in the sequel.

In the particular case when ¢*(z,z) = (R(z)Z,Z) is a positive definite quadratic
form in Z € I'(z), the function ¢ is called a sub-Riemannian metric, and it is said
that the distribution I['(z) together with the submetric g¢(z,Z) define the the sub-
Riemannian structure on M. Thus, sub-Riemannian metric is simply a Euclidean
metric on I'(z). Without loss of generality, one can assume that R(z) is a matrix of
dimension n X n, i.e., that the Euclidean metric is given for all Z € IR", but we will
consider it only for # € I'(z). We will also assume that R(z) is twice smooth. A
more general, but still particular case of a submetric is the case of a sub-Finsler metric
where ¢ is symmetric with respect to @ : ¢(z,—Z) = ¢(z,Z) .

Since each & € I'(z) can be represented in the form # = > w;r;(x), where u =

(10, ..., ur_1) € R*, one can define a function
(e, u) = q(z,2) = q(z, ) wiri(z) (1.2)
which specifies the submetric ¢ in a given basis ro(z),...,7—1() .

In the case of a sub-Riemannian metric we have
)T, T) Z“zua ri(z),rj(z)) = (C(z)u,u),

where C(z) is a matrix of dimension k x k with entries Cj;(z) = (R(z)ri(z),r;(x)),
and the length of the vector % 1is expressed through its coefficients in the basis

ro(z),...,m—1(2) in the following way:
1Z]| = q(z, 7) = \/(C(2)u,u).

If the basis is orthonormal, i.e., if C(z) = E is the identity matrix, then

12]| = [uls = \Jud + ...+ ud_,.



In the set of M, we fix two points a and b and consider all possible absolutely
continuous curves z(t), ¢t € [0,T] (generally the segment is its own for each curve),
that connect these two points: x(0) = a, (1) =b, and are “tangent” to the distri-
bution I'(z), i.e., &(t) € ['(x(t)) for almost all ¢. The curves that are tangent to T’
are called T'-admissible or simply admissible. They can be also defined as solutions

to the differential equation
i(t) = Y uilt)ri(z(t)), (1.3)
where all u; € L1]0,T].

For each admissible curve, its length is defined by the relation

TeO) = [ g i) (1.4)

or, by using the representation (1.2),

J(z,u) = /OT o(x,u)dt.

In the case of a sub-Riemannian metric, we have

J:/OT,/(R(:,;):,;,:,;) dt:/OT,/(Q(x)u,u)dt.

Since the length of a curve does not depend on the parametrization of this curve
(this corresponds to the positive homogeneity of first degree of the function ¢ of z),
one can consider all admissible curves on one and the same closed interval [0,7T].

It 1s required to find a curve of minimum length among all admissible curves that
connect two given points a and b. Thus, we have the following optimal control prob-

lem.

Problem (/).

J = /OT p(z,u)dt — min, &= wri(z), z(0)=a, z(T)=0.

We share the opinion (see, e.g., [13]), that when dealing with extremal problem in
the class of T'-admissible curves, it is more convenient to deal with the distribution
represented in the form of the control system (1.3), rather than in the form of zeros
of differential forms, which is more usual for the differential geometers. (The latter
corresponds to the dual method for defining the distribution I['(z) as a set of those
z € R" for which (7;(z),z) = 0, where 7;(z), j=1,...,n —k, is a basis in the
complement to I'(z) .)



2 Basic Notions and Assumptions

Now let #(t) be one of the admissible curves. The question is: what are necessary and
sufficient conditions for this curve be of minimum length among all admissible curves
from some its neighborhood (and connecting the same two points)? The present paper
is devoted to the study of namely this question.

We need some assumptions on the curve & and on the behavior of the submetric

g in a neighborhood of this curve.

Assumption Al. The curve &(t), t € [0,T], is three times smooth, has the
nonzero derivative, and does not have self-intersections.

(The latter requirement is actually not essential; one can easily eliminate it by
introducing an additional coordinate; however we accept this requirement in order not

to complicate the presentation.)
Let x denote the image of the curve #(t), t € [0,T] in the space R™.

Definition 2.1. We say that the submetric g(z,%) has a twice smooth support
hyperplane in a neighborhood of the curve #(¢) if, in a neighborhood of the set ¥,
there exist a twice smooth (k — 1) -dimensional subspace T'o(z) C I'(z) and a twice
smooth nonvanishing vector field ro(z) € I'(z) such that the affine hyperplane rq(x)-+
I'o(x) has no common points with the relative interior of the hodograph F(z) = {z €

L(z)|q(z,z) < q(z,ro(z))}, and, in addition, % &(t) = ro(2(t)) Vt.

Given a basis in I'(z), this property means that in a neighborhood of the set x,
there exist twice smooth nonvanishing vector-functions I(z),v(z) € R¥ such that if
w € R* and ¢(z,u) < @(z,v(z)), then (I(z),u) < (I(z),v(x)) and, in addition,
v(z(t)) = u(t) Vt.

Assumption A2. The submetric ¢ has a twice smooth support hyperplane in a
neighborhood of the curve &(t).

For example, it is easy to show that any three times smooth metric ¢ on M X
R" or any twice smooth Riemannian metric, being restricted to any twice smooth
distribution I'(z), has a twice smooth support hyperplane in a neighborhood of any
admissible curve &(t) satisfying Assumption Al. In what follows, we will omit the

words “twice smooth” for brevity.

Definition 2.2. A support hyperplane I'g(z) for the submetric ¢ in a neighbor-
hood of the curve &(t) is called a strictly support hyperplane if, for any z from a
neighborhood x, the affine hyperplane ro(z) + [o(x) has the unique common point
ro(2) with the hodograph F(z).



Given a basis in I'(z), this property means that in a neighborhood of the set x,
there exist twice smooth nonvanishing vector-functions I(z),v(z) € IR* for which, in
addidion to the above properties, the following property holds: if u € IR, oz, u) <
o(z,v(x)), and (I(z),u) = (I(z),v(z)), then v =wv(z).

Obviously, if a submetric is strictly convex (i.e., if the sublinear function ¢(z,z) is
strictly convex in Z V), then any support hyperplane will automatically be strictly
support hyperplane. In particular, this property holds for any sub-Riemannian metric.

We will also need the following strengthening of Assumption A2 (for obtaining

sufficcient conditions for the strong minimality).

Assumption A3. The submetric ¢ has a twice smooth strict support hyperplane

in a neighborhood of the curve &(t) .

Note that Assumptions A2 and A3 hold regardless of the choice of parametrization

of the curve #(t). Any sub-Riemannian metric satisfies Assumption A3.

Thus, we study admissible curve &(t),a(¢t) in Problem (/) and suppose for the
time being that Assumptions A1 and A3 hold. It will be convenient for us to reformulate
slightly the problem. Problem () is obviously equivalent to (and is usually stated as)

the following time-optimal control problem:

Problem (7).
&= wr(z), z(0)=a, =(T)=09,

oz, u) <1, J(z,u) =T — min.

But it will be more convenient for us to state it as the following problem on a fixed
time interval [0,7]:

Problem (7).
& =zY uriz), 2 =0, (2.1)
z(0)=a, =(T)=0b, (2.2)

z >0, oz, u) <1, J =2(0) — min.

Here z is an additional state variable; it is a constant that bounds the velocity of
the motion:

2] = ¢(z,2) < z-p(z,u) <z,

and the problem consists in steering the point a to the point b in a given time T

with the minimally possible upper bound of the velocity. In this problem, the state



variables (z,z) € IR™™ and all the curves are considered in the open set = € M,
z > 0. The control is still u = (ug,...,uz_1) € R¥. Obviously, Problems (T') and
(Z) are equivalent.

Thus, namely Problem (Z) will be considered from now on. We denote w =
(z,z,u) and study, respectively, a trajectory w = (2, &,4) .

Recall that according to the classical calculus of variations (CCV), one says that a
trajectory w yields the weak minimum in Problem (Z) if it is a local minimum point
with respect to the norm ||w|| = |z| 4+ |||l + ||#|l~; and that it yields the strong
minimum if it is a local minimum point with respect to the seminorm ||wl||’ = |z|+||z||c

for free w .

Lemma 2.1. A trajectory w yields a strong (strictly strong) minimum in Prob-
lem (Z) if and only if the curve &(t) is of minimum (strictly minimum) length among
all admissible curves connecting the points a,b and lying in a neighborhood of the

set x .

This means that the concept of strong minimum in Problem (Z) is in agreement
with the concept of local minimum of the length of the curve in the usual geometric

sense. The proof is given in Appendix A.

We will also consider the following type of the minimum, which is intermediate

between the weak and strong ones.

Definition 2.3. We will say that @ is a Pontryagin minimum (briefly, II -
minimum) point in Problem (Z) if, for any N, there exists an ¢ > 0 such that w

is a minimum point in Problem (Z) on the set

|z =2+ e —ille <&, fu—dli<e,  flu—idflo <N

It is obvious that for any submetric, the II -minimum is simply the minimum with

respect to the norm ||w||; = |z| + ||z|lc + |1 -

Further, note that there is a mixed constraint in Problem (Z): ¢(z,u) < 1. Let
us introduce the admissible control set (the hodograph or the unit ball of the submetric
in the given basis):

U(z) = {u|p(z,u) <1}, (2-3)
which in general depends on x. Thus, the mixed constraint ¢(z,u) <1 is equivalent
to the inclusion w € U(z) .

In the case of a sub-Riemannian metric, one can assume that the vectors
ro(2), ..., 7k—1(x) form an orthonormal basis in I'(z); then ¢(x,u) = |u|, and thereby
the mixed constraint is transformed into the classical Pontryagin constraint on the con-
trol of the form |u| <1, ie., w € U with a constant set U. As far as the general

case is concerned, one cannot eliminate the dependence of U on = .



3 Maximum Principle for Problem (Z7)

Let @ be a II-minimum point in Problem (Z). Then the first order necessary con-
dition, 1.e., the Pontryagin Maximum Principle, holds for this point. Let us write this
condition first for the case of a sub-Riemannian metric and then show what will change
in the general case.

The Maximum Principle (MP) means that there exist Lipschitzian functions ,(¢)
and ,(t) of dimensions n and 1, respectively, and numbers «y > 0, [y, and
Br such that the tuple (which is called the tuple of Lagrangian multipliers) A =
(.(+), ¥z(+), @0, o, Br) is nontrivial (A # 0 ); to this tuple, there correspond

the Pontryagin function H[A](z,z,u) = 9, - 23 wiri(x) + 1, - 0

and the endpoint Lagrange function I[A](zo, 27) = aoz(0) 4+ Box(0) 4+ Bra(T),
for which the following relations hold along the trajectory w :

the adjoint equations

Y, = —H,[\ = —2¢m2ﬁir§(:&), (3.1)
b, = —H,[N = —h, Y ayri(#), (3.2)

the transversality conditions
Pa(0) = L[\l = Po,  ¥u(T) = =L, [N = =P, (3-3)

$.(0) =L N = a0,  $(T) =1, =0, (3.4)
HIA(%,&,4) = max H[A](2,&,u) = const > 0. (3.5)

From (3.5) it follows that 1, - > ;7(
¢, = —const, and (3.4) implies

3>
~—

= const > 0; then from (3.2) we have

$.(0) — 9. (T) = ap = /OT const dt;

hence,

const =, - Zﬁﬂ“z(ﬁ?) = % > 0. (3.6)

Now we introduce the following conventions with respect to the terms. By a trajec-
tory in Problem (Z) we mean an admissible triple w = (z,#,u). Taking into account
that « is uniquely determined by z and =z from system (2.1), and the choice of z
exerts influence only on the parametrization of one and the same curve in the space
x, sometimes the function z(¢) itself will be called a trajectory. Following A. A. Mi-

lyutin, by an eztremal we call a pair (A,w), where w is a trajectory and A is a
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tuple of corresponding Lagrange multipliers satisfying all the above-noted relations,
except for the nontriviality. (In [13], such pair is called a biextremal.) Thus, different
extremals can correspond to one and the same trajectory. An extremal (A, w) is called
trivial if A = 0; otherwise, the extremal is called nontrivial. (In works of differential
geometers (see [3, 13, 17]) the passage from a trajectory to a nontrivial extremal is
called the Hamiltonian lift.)

The set of all A satisfying relations (3.1)—(3.5) for the given trajectory @ of
Problem (Z) and the normalization

o + o] + Bzl + maxip(t)] = 1.

we denote by A(Z,w), omitting Z and @ if it does not lead to confusion. It is easy
to see that A(Z,w) is a finite-dimensional compact set, since each A is defined by its
own « and [; hence, the choice of normalization in the definition of this compact
set would be, in essence, of no importance for us.

A trajectory w is called a stationary trajectory in Problem (Z) if A(Z,w) is
not empty, i.e., if this trajectory can be completed up to a nontrivial extremal (A, w).

(Obviously, any admissible trajectory can be completed up to a trivial extremal.)

For every A € A(Z,w), two essentially distinct cases are possible:
(1) >0, and (2) ap=0.

If ag > 0, then the extremal (A, @) is said to be normal. In this case (3.5) and
(3.6) imply

3 (e, 7i(#) = max il ri(£) = 7 > 0, (3.7)

and since the unit ball in the Euclidean metric is a strictly convex set, the control
@(t) is uniquely expressed through ,(t), namely, @;(t) = c(¥(t),7:(2(¢))), i =
0,1,....k—1, where ¢ is some constant.

If ap = 0, then the extremal (A,w) is said to be abnormal. This term has
appeared already in the CCV [2]; it denotes the degenerate case in the sense that the
objective functional of the problem does not enter the first order necessary conditions.
For Problem (Z), in this case, (3.5) implies that

Po(t)ri(#(t) =0 Vi=0,1,....k—1,  ic. 9.(t) LT(&(t)); (3.8)

therefore, the condition (3.5) does not select @ from the whole unit ball. In optimal
control, one says in such a situation that the control « is singular with respect to
the set |u| <1 (and, taking into account the fact that this takes place at every time
instant, one sometimes even says that the control « is totally singular; but we do
not use this “strengthened” term). Conversely, it is easy to see that (3.8) implies, by
virtue of (3.7), that ap = 0. Thus, the equality ap = 0 is equivalent to the fulfilment

11



of (3.8), i.e., in Problem (Z), the abnormality of an extremal (A, @) is equivalent to

its singularity.

Thus, a nontrivial extremal (A, @) can be either normal (ag > 0), or abnormal,

the latter in Problem (Z) is the same as singular (o = 0) .

A stationary trajectory w is said to be normal if we have ag > 0 VYA € A(w);
it is said to be abnormal if IX € A(w) for which ap = 0; and it is said to be strictly
abnormal or singular if we have ay =0 VA€ A(w).

(This notion of singularity corresponds to the general notion of singular constraint
in the abstract extremum problem; see [9]. In our case, namely the objective func-
tional of the problem is singular, since the multiplier @y corresponds exactly to this

functional.)

Note that if a trajectory @ is abnormal, then the set A(w) always consists of
more than one element, since in this case, along with any A € A(w), we have also
—A e A(w) .

The abnormality of @ means that the equality-type constraints (2.1) and (2.2)
in Problem (Z) are degenerate in the first order, i.e., they do not satisfy the known
conditions of the implicit function theorem, or, as is conventional now, the Lyusternik
condition: the derivative of the operator that defines these equality-type constraints

should be “onto” (surjective). If we consider the operator
g: R x AC x L.[0,T] — L1]0,T] x R* x R",

(z,2,u) — (2 =23 wri(z), 2(0),2(T)),
then the Lyusternik condition means that ¢'(w@) is “onto”, and the abnormality of

means that Img¢'(w) is not the whole image space.

Sometimes, instead of this “initial” equality operator, one considers the operator
p: L0, T] — IR", w— z(T),

where z is the solution to the equation & = 23 w;r;(x) with the initial condition
2(0) = a. Itis not difficult to verify that the derivatives ¢'(w) and p'(@) are surjective
or not surjective simultaneously. (This is due to the following general fact: if linear
operators A: X —Y and B: X 28 Z are given, then the joint operator (A, B):
X — Y x Z is surjective if and only if the operator A : kerB — Y is surjective.)
Thus, in Problem (Z), the abnormality of , i.e., the existence of A € A(w) with
ap = 0, is equivalent to the degeneracy of the operator g or p at the point w. It is
worth noting that in the general case, the degeneracy of the equality-type constraints
is a more strong condition than the existence of A € A(w) with «ay = 0 (the equality-

type constraints can be nondegenerate, but there can exist A € A(w) with ag =0).
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Note that in Problem (Z), the whole tuple A = (ao, 8o, Or, ¥z, ¢.) is determined
by the function ,(¢), which in the sequel is denoted by #(t) (the vectors £y and fr
are determined from the transversality conditions (3.3), the numbers «y and %, are
obtained from relation (3.6), from the adjoint equation (3.2), and from the transversal-
ity conditions (3.4).) Hence, instead of the set A(w), one can consider its projection
on the component t,, which is denoted by ¥(w) .

For the abnormal extremal, ay = 0 and ¥, = 0, the function ¢ = ¢, satisfies

the adjoint equation (3.1)
==t diri(2) (3.9)
and relations (3.8):

P(t)r(E(t) =0,  i=0,1,....k—1. (3.10)

The set of all nonzero Lipschitzian n -dimensional functions ¢(t) satisfying (3.9)
and (3.10) with the normalization |¢(0)] = 1 we denote by Po(Z,w), sometimes
omitting Z and w. These are those ¥ € ¥ for which ay = 0. Thus, a trajectory w is
abnormal if and only if there exists a function (¢) satisfying the above conditions, i.e.,
if the set Wy(w) is not empty. The trajectories with nonempty A(w), but with empty

Uy(w), are normal stationary trajectories. Obviously, for the singular trajectories

T(d) = Do(i) .

Let us now write the MP for Problem (Z) in the case of an arbitrary submetric,

which generates the mixed constraint
oz, u) < 1. (3.11)

Recall that, due to the assumptions made, the function ¢ is continuous in (z,u)
and is sublinear in w. We assume for the time being that ¢ is smooth in some tube
around the trajectory (&(t),a(t)) and that its derivatives are continuous at the points
of this trajectory. This property is necessary for us only for writing out the MP in
Problem (Z). In the sequel, starting from Sec. 4, we will not use the MP for this
problem with the initial constraint (3.11), since we will pass to Problem (Z) with a

more wide constraint.

The MP for problems with mixed constraints, which is a generalization of the Pon-
tryagin Maximum Principle, was obtained in the late 1960-s by A. Ya. Dubovitskii and
A. A. Milyutin (see [12, 14]) and by L. Neustadt and K. Makowsky [18]. Being applied
to Problem (Z) with constraint (3.11), it will differ from the above-presented MP (for
the constraint |u| < 1) only by the fact that to constraint (3.11), there corresponds its
own multiplier u(-) € L1]0,T], w(t) > 0 a.e., satisfying the complementarity slackness
condition

() (p(2(t),a(t) —1) =0 ae. on [0, T); (3.12)
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this multiplier also enters the adjont equation:

b= 2 Yuerd) + () (), (3.13)
and appears in an additional condition, condition of stationarity w.r.t. w :
20, i) — (t)gi( W)=0 V=01, k-1 (3.14)
The maximality condition becomes
max H[N(2,2(t),u) = H[N(2 &(t),a(t)) = const > 0. (3.15)

uelU(£(t))

Other conditions remain the same. As before, all multipliers are expressed through

¥ = 1,. The following still holds:

u

max H(z,&,u) = H= H(%,&,4) = 2)_ 4;(¢;,7:()) = const = %;

p(t) = p(t) (&,0) = p(t) D (6—m’ui) = 2> 4 ($,ri(#) = H = 7, (3.16)

and, therefore, u(t) = const = H. If the extremal (A, w) is abnormal, i.e.,if ag =0,
then, due to (3.16), also u(t) = 0 almost everywhere, i.e., the new element in the MP
in fact disappears.

This implies that if (A,w@) is an abnormal extremal in Problem (Z) with con-
straint (3.11), then it will also be an abnormal extremal in Problem (Z) with any
other (smooth) mixed constraint p(z,u) < 0 (not necessarily related to some submet-
ric), in particular, with the constraint p(z,u) = (I(z),u — v(z)) <0, where | and v
are from the definition of the support hyperplane, and also for free wu, i.e., with the
constraint « € R” .

Note that if an extremal is normal, then, by virtue of (3.16), u(t) = % > 0,
and then the maximality condition (3.15) or the condition of complementary slackness
(3.12) implies that ¢(&(t),%(t)) = 1, i.e., the motion is performed with the maximal
possible speed. If, on the other hand, ay = 0, 1.e., if the extremal is abnormal,
then this relation does not follow from the MP. Nevertheless, we can always assume
that this relation holds by virtue of the following argument. If on some time interval
o(z(t),u(t)) < 1, then one can consider a new control w'(t) = c(t)@(t), where c(t) > 1
on this interval, and ¢(t) = 1 outside this interval. The state component x'(¢) of the
corresponding trajectory (Z,z'(t),u'(t)) will move along the same curve x, but will
pass the way from a to b in a smaller time T'. Then one can pass the same way

in time T > T’ with a smaller bound on the speed z' < z. Therefore, the given
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trajectory @ will not be even a weak minimum point in Problem (Z). Thus, we will
assume that ¢(#(¢),a(t)) =1 for the examined trajectory.

Let us now return to the question on the expansion of the admissible control set.
Let the functions I(z) and wv(z) from the definition of the support hyperplane be
such that in a neghborhood of the set ¥y,

plz,v(z)) =1, (l(z),v(z)) =1, (3.17)

i.e., the set U(x) is contained in the halfspace (I(z),u) < 1. (This can always be
obtained by the corresponding normalization of these functions.) Problem (Z) with
the constraint . (z,u) = (I(z),u) <1 will be called Problem (Z.). It is an extension
of Problem (Z) with the initial constraint @(z,u) <1.

Lemma 3.1. If (A\w) is an extremal in Problem (Z) with the constraint
e(x,u) < 1, then it will also be an extremal in Problem (Z.) with the constraint
ou(z,u) <1.

Proof. As was already said, this statement is obvious for the abnormal extremals.
Hence, it i1s sufficient to consider the case where «y > 0 for the given extremal. By
definition, for all # from some neighborhood of x, the inequality ¢(z,u) <1 implies
@.«(x,u) <1, and both these inequalities turn into equalities for « = v(z). Then in a
neighborhood of any point (zg,uo = v(zo)), the inequality ¢.(z,u) < p(z,u) holds.
(In fact, since p = . = 1 at this point itself, both these functions are positive in
a neighborhood of this point; if @(z,u) = ¢ > 0, then ¢(z,u/c) = 1; therefore,
po(z,ufc) < 1, ie., plz,u) < c. ) This implies that the gradients of functions ¢
and . are collinear at any such point. Since both these functions are sublinear in w,
are equal and positive at the point wuy = v(zo), we have that the gradients of these
functions in « are simply equal, and, moreover, are not equal to zero. Therefore, the
gradients of these functions in z are also equal, 1.e., finally, grad ¢ = grad ¢, at any
point of the form (zg,ug = v(o)). And then, for a given A, relations (3.13) and
(3.14) hold not only with the function ¢, but also with ., ie., A € A(Z., W), or,

which is the same, (A, @) is an extremal in Problem (Z.). The lemma is proved.

Corollary 1. The set A(w) in Problems (Z) and (Z.) is one and the same.

Indeed, since in the passage from the constraint ¢ < 1 to the constraint ¢, <1
the admissible set expands, the set A(w) can only narrow. But, according to Lemma
3.1, no narrowing takes place, therefore, these sets coincide.

This fact readily implies

Corollary 2. The trajectory w is singular in Problem (Z) if and only if it is
singular in Problem (Z.) .
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In addition, the following is valid.
Corollary 3. If the trajectory w is singular in Problem (Z) with the constraint

o(x,u) < 1, then it will be stationary and, therefore, automatically singular also for

free w. The set A(w) will not change under this procedure.

Indeed, in the passage from the constraint ¢(z,u) < 1 to u € IR*, the set
A(w) can only narrow. However, since for the singular trajectory, any A € A(w) has
w(t) = 0, relations (3.13) and (3.14) (the only relations in the MP that contain ¢ ),
as was already said, will hold also for the problem with free w. Thus, in this passage

the trajectory «w will remain stationary, and the set A(w) will not change.

Note that if the extremal is normal, then the corresponding Lagrange function
LA (w) = —H[A(z,z,u) + po(z,w) has the coefficient Ly, [A] = ppu, (here we take
into account the fact that H,,[A] = 0), and assuming that the matrix ¢,,, is positive
definite on the subspace ¢, = 0 along the trajectory w(t) (which always holds
in the case of sub-Riemannian metrics), we obtain that the strengthened Legendre
condition is satisfied for this extremal. Therefore, the case of a normal extremal can
be considered within the framework of the CCV (see, e.g., [13]). But, for the abnormal
extremals, L,,[A] = 0, i.e., the principal assumption of the CCV, the strengthened
Legendre condition, is not satisfied, hence, this case requires a special consideration.

It is precisely this case that is the subject of the present paper.

4 Passage to an Associated Basis

Up to now all our considerations were in an arbitrary basis. Now we will consider some

special bases.

Definition 4.1. Following A. A. Milyutin [15], a basis in I'(z) is said to be
associated for the trajectory #(t) if ro(&(t)) = % #(t) on [0,T].

In any such basis the examined control is () = (1,0,...,0). The state compo-

nents Z and #(#) remain unchanged, since they do not depend on the choice of basis

in I(z).

Definition 4.2. An associated basis in I'(z) is said to be support (strictly sup-
port) for a submetric ¢ if, in addition to the above property, in some neighborhood
of x, the subspace T'o(z) = Lin{ri(z),...,rr—1(x)} is a support (strictly support)
hyperplane to the hodograph F(z) of the submetric ¢ in the sense of Definitions 2.1
and 2.2.
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The existence of a twice smooth associated basis that is support (strictly support)
for a given metrics, is ensured by Assumption A2 (Assumption A3, respectively). Prob-
lem (Z) in the associated support basis has the same form as in Sec. 2, but now the

term with ¢ = 0 will be singled out in the notation of the control system:
Problem (7).
T =2z (uoro(:n) + kz_:l ulrl(:n)) \ (4.1)
i=1
z2=0, z(0)=a, =(T)=0b, (4.2)
w = (g, g, ..., up1) € U(x),

J = 2(0) — min.

In addition, we set Z = 1 for convenience (having made a linear change of time, if

necessary); then 7' is the time of motion.

Just for this very Problem (Z) in an associated support basis, we will apply the
quadratic sufficient conditions for the Pontryagin and strong minima, obtained for the
problems of general form in [9]. This will be our “starting”position.

As was already said, in the case of a sub-Riemannian metrics, one can assume that
U(z) is the unit ball which does not depend on x. As for the case of an arbitrary
submetric, the admissible control set depends on , i.e., there is a mixed constraint
on x,wu, and this is rather inconvenient, since the quadratic conditions obtained in [9]
(and they are the most general of all known ones) do not allow the presence of mixed
constraints.

However, this difficulty can easily be overcome when obtaining sufficient conditions.
As in [9], we replace the family of sets U(z) by the ambient constant set U that
includes this family. It is clear that any sufficient condition for a minimum of some
type (Pontryagin, strong) in Problem (Z) with the set U will automatically be a
sufficient condition for the minimum of the same type also in Problem (Z) with the
set U(z) .

Moreover, for obtaining sufficient conditions for the II-minimum, we adopt As-
sumption A2 and simply take the half-space U, = {ug < 1} as U. From Definition 4.2,
it follows that this set indeed contains U(z) for all # from a neighborhood of the set
x. If the trajectory was singular in Problem (Z) with the set U(z), then, according
to Corollary 2 of Lemma 3.1, this trajectory will remain singular under the passage to
the set U, .

To obtain sufficient conditions for the strong minimum, we adopt Assumption A3.
Then, from Definition 4.2, it follows that in a corresponding associated basis, which is

strictly support one for the given submetrics, for any # from some neighborhood of
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the set x, the hyperplane wuo = 1 is strictly support to the set U(z) at the point
@ =(1,0,...,0), i.e., @ is a unique maximum point of the linear functional p(u) = uo
on the set U(z) C IR*. The sublinearity and positivity of @(x,-) imply that the set
U(z) is compact, and from the continuity of ¢ it follows that this set is Hausdorff
continuously depending on z. Then one can state that there exists a convex compact
set U C R*, which also has 4 as a unique maximum point of the functional p(u) = uo
and such that U(z) C U for any = from some neighborhood of x. (The proof of this
fact is given in Appendix B.)

We consider first the case of the strong minimum. (The case of the Pontryagin
minimum is considered below in Part III.)

We study Problem (Z) with the above control set U, which does not depend on
z. Let us call it Problem (ZN) Note that the particular form of the set U is of no
importance for us; we are interested only in the existence of this set; further, we will
pass from this set to the halfspace U, that contains this set, and this halfspace does
not depend on the choice of U .

Thus, in the case of an arbitrary submetric (satisfying Assumption A3), we arrive
at Problem (2 ) in an associated basis with a convex compact set U, not depending
on z, for which @ = (1,0,...,0) is a unique maximum point of the linear functional
p(u) = ug. (In the case of a sub-Riemannian metrics, U(z) is the unit ball, therefore,
no passage to U is required.) The examined trajectory is still w = (2 = 1,#(¢),

@ =(1,0,...,0)). Corollary 1 of Lemma 3.1 implies the following statement.
Lemma 4.1. The set A(w) in Problems (Z) and (2) is one and the same.

Indeed, since U(z) C U C U., the set A(w) for Problem (2) occupies an
intermediate place between A(Z,w) and A(Z.,w), and since these two sets coincide,
the set A(Z,w) also coincides with them.

This implies that the singularity of the trajectory «w in Problem (Z) is equivalent
to its singularity in Problem (Z) and in Problem (Z,). We assume that @ is singular,
and from now on our goal is to obtain sufficient conditions for the presence of the strong
minimum in Problem (Z~ ) at the given trajectory. Now we can apply the results of [9]
to this situation.
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5 Application of General Sufficient Conditions
to Problem (Z)

According to [9, Sec. 8], for obtaining sufficient conditions in Problem (2), we have
to consider the following Problem (Z.) with the extended control set U, in the form
of a halfspace:

Problem (Z.,).
k-1
=z (uoro(:n) + Z ulrl(:n)) , (5.1)
=1
z2=0, z(0)=a, =(T)=0b, (5.2)
wg < 1, components uq,...,u,_; are free,

J = 2z(0) — min,

in which the same singular trajectory w is studied. Obviously, this extension does
not depend on a particular realization of the set U : the halfspace will be one and
the same (up < 1). It turns out that the quadratic sufficient conditions for the weak

minimum in Problem (Z.) yield the strong minimum in Problem (Z). More precisely,

Theorem 8.1 from [9], being applied to the given situation, yields the following result.

Theorem 5.1. Let the singular trajectory w in Problem (Z.) satisfy the -~ -
sufficient condition for the weak minimum. Then w is a point of the strict strong
manimum in Problem (ZN) Moreover, there exist €,C > 0 such that, on the set
|z = 1| + ||z — 2| < €, for any w = (z,x,u) satisfying equations (5.1), 2 =10 and

constraints ©(0) = a, u € U, the following estimate holds:

(2= 1) +]a(T) = b] = Cylw—1d). (5.3)

Now it is possible, using the formulas from [9, Secs. 4, 5] and [10], to write the
v -sufficient condition for Problem (Z.), and thereby to obtain the sufficient condi-
tion for a strong minimum in Problem (2 ). But we will proceed in another way. We
will show that one can pass from the ~ -sufficient condition in Problem (Z.) to the
v -sufficient condition in another, simpler problem (which differs mainly by the fact
that the inequality-type constraint uo < 1 is replaced by the equality-type constraint
wo = 1), and then to some system that corresponds to the study of the trajectory w
for rigidity. In so doing, the weak ~ -sufficiency in Problem (Z.) will turn out to be
exactly equivalent to the < -sufficient condition for the rigidity. The efficient instru-
ment for carrying out these passages will be Theorem 5.2 from [9] on a “nonvariational”

equivalent of the ~ -sufficient conditions.
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First, let us perform a rather simple passage from the < -conditions in Prob-
lem (Z.) tothe « -conditions in a new Problem (), which differs from Problem (Z.)
only by the fact that the multiplier z stands only before the very first term in the

control system:

&= zugro(z) + z::ul ri(z) . (5.4)

Theorem 5.2. ~ -sufficient condition for the weak minimum in Problem (Z.) is

equivalent to the v -sufficient condition for the weak minimum in Problem (S) .

In view of Theorem 5.2 (a) from [9], this statement stems from the following prop-
erty that is intuitively obvious. Recall that for Problem (Z.) the wiolation function
1s defined as

o(w) = /OT

+ |2(0) — a| + |2(T) — b] + vrai max (wo— D" + (=11,

i — = (uorol=) + g:j uiri(w))‘ dt + /OT 2] dt + (5.5)

and the violation function for Problem (S) is defined similarly.

Lemma 5.1. The fulfillment of the inequality o(w) > Cy(w) for some C >0

in some neighborhood of the point W for Problem (Z.) is equivalent to its fulfillment
for some C >0 in some neighborhood of the point w for Problem (S) .

Proof. This follows from the simple fact that, for z close to 2 =1, the mapping
A: W — W, defined as

. ~ . w; .
w = (z, ©, ug, U, z:l,...,k—l)|—>w:(z,w,u0,ui:;, i=1,....k—=1),

is a homeomorphism, and the violation functions in these two problems are connected

by the relation o.(w) = os(Aw). For both problems,

k—1 T k—1
) = |z = 1P+ GT) + S ydT) + [ (75 + 2 u?) d. (5.6)
=1 =1
where §o(t) = yo(t) — ¢,
gi=wi,  y(0)=0 Wi=0,1,... k-1, (5.7)

and under the mapping A, only the components y;, ¢ > 1, will change; therefore,

for |z—1] <1, ie, for 3 <z<2 wehave
4

g V(W) = 9(Aw) < dy(w).
Thus, if o.(w) > Cvy(w) in some neighborhood of w, then on that very set og(Aw) >
€y(Aw), and, therefore, in some neighborhood of @ there will be os(w) > Sy(w).

The reverse passage is valid by similar arguments. The lemma is proved.
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6 Passage to uy=1

Thus we passed to the + -sufficiency in Problem (S). Let us show now that it is
possible to pass from the halfspace uy < 1 to the subspace wg = 1, 1i.e., to the
following

Problem (S;).

&= zro(z) + z::ulrl(w), (6.1)

Here Eq. (6.1) is obtained from Eq. (5.4) for uwy = 1. Since wuy disappeared, now we
have not k, but k& — 1 controls, and all of them are free. The examined trajectory
(we will denote it by the same letter) is w = (£ =1, &(¢), @, =0,i=1,...,k—1),
and the control @« = (0,...,0) € IR*~!. Note that in systems where the component
wo is present, the control @ = (1,0,...,0) € IR¥. We hope that it will always be clear
from the context which # is meant and that no confusion will arise here.

In the passage from Problem (S) to Problem (S;) the set of admissible trajec-
tories has narrowed (due to the narrowing of the set of admissible controls); therefore,
the set A(w) of Lagrange tuples can expand, and a priori there is a danger that a
“normal” tuple A with ay > 0 can appear. But in the given case this does not

happen.
Lemma 6.1. In Problems (S) and (S1), the set A(w) is one and the same.

Proof. As was already said, the inclusion A(w) C A;(w) is obvious. Conversely,

if X\ € Ay(w), ie., if agiven A ensures that the MP holds in Problem (S;), then
() ri(a(t) =0  Vi=1,... k-1, (6.2)

and, as in Sec. 3, we easily obtain
p(t) ro(#(t)) = const = % > 0. (6.3)

But then the given A ensures that the MP holds also in Problem (5), i.e., A € A(w).
(Recall that for an arbitrary stationary trajectory in Problems (S) and (S7), it is

not required that «g =0.) The lemma is proved.

Theorem 6.1. The v -sufficient condition for the weak minimum in Problem (S)

is equivalent to the ~ -sufficient condition for the weak minimum in Problem (Si) .
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In the proof, we again use the “nonvariational” interpretation of these conditions.
Let us note that both system (5.4), Z =0 with the initial condition #(0) = a, and the
system 6.1, Z =0 with the initial condition #(0) = a obviously satisfy the Lyusternik

condition at @, and let us introduce the following two sets:
D(S) ={w]| Eq. (5.4) is satisfied, z =10, #(0) = a, ug < 1},

D(S1) = {w]| Eq. (5.4) is satisfied, 2=0, z(0) = a, uo = 1}.

Taking into account Theorem 5.2 (b) from [9], the proof of Theorem 6.1 is a result of
the following

Lemma 6.2. The validity of the inequality o(w) > Cy(w) for some C >0 on
the set D(S) in some Lo, -neighborhood of the point w for Problem (S) is equivalent
to the validity of this inequality for some C > 0 on the set D(S1) in some Lo -
neighborhood of the point w for Problem (S1) .

(Let us explain here that for a point w satisfying Eq. (5.1), its closeness to
w 1n the norm of the space W 1is equivalent to its closeness to w in the uniform

o + ||t — 4|l . Hence we formulate Lemma 6.2 in

(Lo—)norm |z — 2|+ ||z — &

terms of L., -norm.)

Proof. Recall that the order v for Problem (S) is given by formulas (5.6), (5.7),
and then, for Problem (Si), it is given by these formulas for yo(t) = 0. Let us

introduce the following notations: z = z — 1,

T k-1

n(y) = g:lyf(T)Jr/o Eyfdt- (6.4)

Note that on D(S), %, = uo—1 <0, hence #o(t) is monotone, and since #o(0) = 0,
we have max |§o(t)| < |go(T)|. Therefore, one may not include [T g2dt into v, since
it is estimated through #3(7T"). Thus, on the set D(S), one can consider

y(w) = |21 + [5o(T)|* + n(y), (6.5)

and on the set D(S;) this value turns into

n(w) = |z[* +n(y). (6.6)

Since D(S) D D(S1), it is sufficient to prove the implication (<=) in the state-
ment of the lemma.
Suppose that, for some ¢ > 0, the following estimate holds on the set B.(w) N
D(5,) :
o(w) = (= = 1)* + [o(T) = b > Cr(w — ). (6.7)
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Let us show that then the same estimate holds also on the set Bs(w)ND(S) for some
d > 0. Let & > 0 be arbitrary for now. Take any point w € Bs(w) N D(S). By
definition, this point satisfies Eq. (5.1) with wo < 1, and we have to pass to Eq. (6.1),
i.e., to equation (5.1) with wuo = 1, in order to obtain the estimate required.

To this end, bearing in mind the remark of Sec. 3, we reparametrize the trajectory
w in such a way that wy = 1. Namely, assuming that § < % , we have 1—0 < up(t) <

1, and let us consider the Lipschitzian mapping s: [0,7] — [0,T] defined by

s(0) =0, () === (6.8)

where 6 = (1/T) fOT uo(t) dt is the mean value of the function wug(t) on the closed
interval [0,T]. Then s(T) = (1/8) [T uo(t)dt = T, and

1

_5<H< _E< () < ——
1-46<6<1, 1 5_s(t)_1_5,

(6.9)

where 1 — 4§ > 1;

onto itself. Denote by #(s) the inverse mapping and introduce the functions

x'(s) = z(t(s w(s) = ul(t(s)) 3 =
(s) = #(t(s),  wi(s) = 625555, Lo,

therefore, s(t) is a bi-Lipschitzian mapping of the interval [0, T]

k—1. (6.10)

It is easy to verify that

dxc;iS) - %/% = (62)ro((s) + Y ls) il'(5). (6.11)

=1

Taking 2z’ = 0z, we obtain the trajectory w' = (2, 2', w},i=1,...,k — 1) satisfying
Eq. (6.1), and thereby w’ € D(S1). Note that z'(T) = =(T), i.e., the endpoints of
the new trajectory and those of the old one coincide.

First let us show that the trajectory w’ is close to w. The trajectory w satisfies
system (6.1) with 2 =1, 4; = 0, ¢ > 1 and with the initial condition #(0) = a,
the trajectory w’ satisfies system (6.11) with «, and with the same initial condition

z'(0) = a, therefore, the difference @’ — & satisfies the equation

d

pm (' —2) = 2 (ro(z') —ro(2)) + (2" — 1) ro(z) + z:; w,ri(z'). (6.12)

From (6.9), it follows that |2/ —z| = (1—6)|z| < §|z| < d(1+4), and since |z—2| <4,
<6(2448)< 3.
~ < 4; therefore, the modules of the vectors r;(z'(t)), ¢ =

0,1,...,k — 1, are bounded by a common constant (which does not depend on the

we have |2/ — 2

By definition ||z — &

specific values of #'(t)); moreover,

| ro(2(t)) — ro(2(t)) | < comnst |z'(t) — &(t)].
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Since |||l < 4, it follows from (6.10) that ||u}|| < %, and then from (6.12) and
from the known Grownwall-type estimates, it follows that |z’ — &||c < f(d), where
f(8) = 0 as & — 0. Thus, || — || < 36 + (k — 1)% + f(0) = f1(0) — 0 as
0 — 0, i.e., the closeness of w’ to w is proved.

For a sufficiently small § > 0 we have ||w' — | < ¢ and w’ € D(S1); then, by

the premise of the lemma, estimate (6.7) holds for w’, i.e., the following is true:

(# = ) + |2(T) = b > Cp(w)) =C (2] +n(y)). (6.13)
where
yi=ui oy (0)=0, i=1,....k—1 (6.14)

We have to show that estimate (6.7) is valid for the trajectory w, i.e., that for some
d > 0 and for some C > 0 not depending on w € Bs(w) ND(S), the following holds:

(= 1) +]2(T) = b > Cy(w) = C (|21 + |5o(T)* + n(y)) - (6.15)

We prove this by contradiction. Assume that for all § and C > 0, thereis no such
estimate on Bjs(w) N'D(S), i.e., that there exists a sequence w,, = (2, Tn, un) € D(S)
such that w, # w, |w, —®|| — 0, and (omitting the subscript n)

(2= )" +]2(T) — bl < o (|21 + [5(T) +n(y)). (6.16)

Let us then show, that the corresponding sequence w] € D(S;), constructed as in
above, will also violate estimate (6.13), i.e., that the following inequality will be held

(we again omit n):
(# = 1)+ [(T) = 8] < o (|22 +1(y)) - (6.17)

Recall that n is given by formula (6.4). Let us first prove that n(y) ~ n(y’) (have
the same order, i.e., estimate one by another with some constants). Indeed, according

to (6.14), (6.10), and (6.8), for each ¢ > 1 and for any 7 € [0,T], the following holds:

yi(t) = /OT ui(s)ds = /OT QZ;((i((Z)))) ds = /Ot(T) wi(t) dt = y;(¢(7)),

(in particular, y.(T') = y;(T")); therefore,

[ tPds = [ luteo)Fas = [ ) sce) v

from which, due to (6.9), we obtain the estimate

V=) [ l@Pdt < [ ie)tds < —— [ lys(e) 2t
(1=9) [l Pat < [ lyis)ds < [ Il
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and hence, the same estimate is valid for 7 :

=800 < ) = [ S WP + S WOP < ), (019

ie., n(y) ~n(y') in realty.
Further, we put p = (1/7) fOT(l —wug)dt = —(1/T)go(T). Then p=1—46, and,
according to (6.9), 0 <p < §. Moreover,
Z=2—-1=62-1=0(142)—1=0z+4(§—1) =6z —p, (6.19)
from which, taking into account that § <1, we obtain the estimate
12 < |32 L T2
2 < 1 4 D

On the other hand, (6.19) implies 6z = z’ + p, and, taking into account that 6 >
we obtain

1
2
=12 =112 1 — 2
2 < 4 (12 + 5 (T
Due to this estimate and (6.18), from (6.16) it follows that
(z =D +[2(T) = b < o(|ZP +0" +0(y)) - (6.20)

If, at the same time, p* < O(|Z'|* + n(y’)), then from here and from the inequality
z' =60z <z, (6.17) obviously follows, and we arrive at the desired contradiction.

It remains to consider the case where, on the contrary,
P> aly),  de,  [ZP4a(y) < ofp?) (6.21)
Then the leading term in the right-hand side of (6.20) is p?, i.e., the following holds:
()" +12(T) = b < o(p®). (6.22)

Let us show that in this case we also come to a contradiction, but now without using
of (6.17). From (6.19), we have 6z = z’ + p, and then from (6.22), it follows that
(' + p)t < o(p?). But, by virtue of (6.21), z’ = o(p), and since p > 0, this implies
(we write the subscript n again) that p, = 0 for a sufficiently large n, and also that
z! = 0. But then, by virtue of (6.19), z, =0, i.e., z, =1, and, by virtue of (6.21),
n(yl,) =0, ie., u,(t) =0, and hence, wu,(t) = 0. In addition, from p, = 0 it follows
that 6, = 1, uo,(¢t) =1, and then z, = & as well. Thus, for sufficient large n the
trajectory w, coincides with w, which contradicts our assumption.

Lemma 6.2 is proved, and therefore Theorem 6.1 is also proved.
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7 Quadratic Conditions in Problem (S5;)
and in System (R)

We have thus passed to the + -sufficient conditions for the weak minimum in Prob-
lem (S7). Let us now write these conditions.

Since our w is singular, i.e., VA € A(S1,w), the multiplier by the functional
ap = 0, the functional J does not enter the Lagrange function and hence, into its
second variation.

Further, since there are no inequality-type constraints in Problem (S;), in the
notation of the cone of critical variations, one can ignore the single inequality that
corresponds to the functional J (since the nonnegativity of the even function —
which is homogeneous of second degree in our case — on the halfspace is equivalent to
its nonnegativity on the whole space), therefore, the functional J will not enter the

formulation of the < -conditions at all.
Here the set A(w) consists of all collections A = (¢ = v, ¥, =0, ag =0,
Bo = (0), Pr=—3(T)) for which the following is satisfied:

(a) the adjoint equation
b= —prifs), (7.1
(b) the relations

D) r(E(t) =0 Vi=0,1,....k—1, (7.2)

(c) the normalization
[(0)] = 1. (7.3)
The choice of a particular normalization is not essential here, since A(w) is finite-
dimensional compact set. Since the whole tuple here is determined by the function
(), one can consider, instead of A(w), the set ¥(w), consisting of the corresponding
functions (t). Since the trajectory  is singular, as was already noted, ¥(w) =
Uy(w) .

The cone of critical variations K (here it is a subspace) is given by the following

equalities:
k-1
T =7zro(8) + 15(2)3 + > ari(2), (7.4)
=1
z =0, z(0) = z(T) = 0. (7.5)
Passing to the Goh variables, i.e., setting
Y, = s, 7:(0) = 0, i=1,...,k—1, (7.6)
k-l
z=¢+ gjjrj(:i), (7 7)
7=1



we obtain that X is given by Eqs. (7.6) and by

k—1

E=zro+ i€+ 3 gilroril,  €0) =0, (7.8)

i=1

E(T) + D2 5i(T)ry(#(T)) = 0. (7.9)

(Here [f(z),g(z)] = f'(x)g(x) — ¢'(x)f(x) is the Lie bracket of two vector fields.)

For each ¢ we define the Lagrange function

By](w) = olro —a) ~r(or — D)+ [ 9 (G~ erole) — D)) db, (110

and consider its second variation at the trajectory w; this variation can be brought
to the following form (see Appendix C):

_|_

T
+ / (_% ¢(r6’€,€) - 21#(7“65) + Zg@'¢[ri,ro]’€—|— (7.11)

1 k-1 1 k-1
+ BY Z Y J; % [[ri, ro),ri] + 9 Z yi iy [THTJ]) dt
7,7=1 7,7=1

Note that in the last term here, the matrix of coefficients is skew-symmetrical. These
formulas has been already presented in [8, 15, 10].
For an arbitrary set M = {4} define the functional

QM) = sup 2[)(@)
PpeEM
According to the general theory [9], we must isolate from the set ¥ subsets G,(¥)
consisting of those ¢ € ¥ for which the quadratic form (7.11) satisfies the Goh
conditions. To this end, let us find the corresponding coefficients of the quadratic
form.
Recall that the quadratic form of general form with the zero Legendre term is

represented in the Goh variables as follows:

QN(E.5.7) = g\ (&o- Er.7r) + (7.12)

)+ (PINE§) + QNG 9) + (VM. ) dt,

+
S~
~
——
S
>
A
Iy
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E= AWE+ Bi()g,  G=m §0)=0, (7.13)

where g[)\] is a quadratic form of the endpoint values, all the matrices in this expression
are measurable and bounded, among them V[A](t) and B(t) are Lipschitzian, and
moreover, V[A](t) is skew-symmetric and Q[A](¢) is symmetric (see [5, 9]).

For an arbitrary set M = {A} and for any number a € R, the set G,(M) by
definition consists of all A € M, for which
(1) VIA(t) =0, (2) Q[A(t) > a almost everywhere. (7.14)
(The inequality ¢ > a for a symmetrical m x m - matrix ) means that
Yhe R™ (Qh,h) > a(h,h).)
Let us return to the quadratic form (7.11). Here the variable z plays the role of

an additional component &, and the last two terms in (7.12) have the following form:

VD5 = 5 X 55 o) (3(6) (7.15)
QW59 = § 3 Geis [[rorolors] (3(6)) (7.10)

Therefore, the set G,(¥) consists of all ¢ € ¥ for which the following conditions
hold on the interval [0,T]:

D(t) [ri, 7] (3(2) = 0 Vij=1,...k—1, (7.17)

Gi 5 Pl [ri,ro), 75 1 (2(1) > alg | (7.18)

Vg =(T1,...,06-1) € RF

Note that, by virtue of (7.17), the last term in (7.11) vanishes and then the control
@ does not explicitely enter 2. Then, one can take () as a new control, and (7.18)
is nothing else but the classical Legendre condition with respect to this new control. In
the term outside the integral (7.11), the vector 4(T') can be replaced by an arbitrary
vector h € R*™! (see [5, 7, 9]), but we will not use this fact here.

Now let us write the quadratic order «. According to the general theory [5, 7, 9],

we must a priori take

3(@) = |2+ 3O + g + [ a7
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But since we have to consider not arbitrary w, but only w € K, and since on this

subspace, Z(0) =0 and, as is shown in [9, Sec. 6.2], there is the estimate
2| + [§(T)| < const |17,

one can leave only the integral term in <, i.e., the following holds:

1) ~ ) = [ [g7 . (7.19)

Thus, we have found the set ¥ = U(w) (in our case, it coincides with ¥y(w)),
its subsets G,(¥), the family of the quadratic forms Q[¢](w), and the comparison
functional 4’ ~ 4. The quadratic ~ -sufficient condition of the weak minimum for the

point @ in Problem (Sj) consists in the fact that, for some a > 0,
T
Q[U)(w) > a/ g2dt V@ ek. (7.20)
0
According to [4, b, 7], this condition is equivalent to the fact that, for the same a > 0,
T
Q[G.(D))(7) > a / g?dt  Vaoek. (7.21)
0

(The latter inequality automatically implies that G,(¥) is not empty, otherwise, by
definition, )} = —oco as supremum over O .)
From here, taking into account Theorems 6.1, 5.2, and 5.1, we obtain the final form

of the quadratic sufficient conditions for the strong minimum for a singular trajectory

w in Problem (7).

Theorem 7.1. Let w = (2 = 1,&(¢),a = (1,0,...,0)) be a singular trajectory
of Problem (Z), and the inequality (7.20) or (7.21) hold for this trajectory for some
a > 0. Then w s a point of the strict strong minimum in Problem (2), and,

therefore, it is a point of strict strong minimum in Problem (Z) .

Recall that by virtue of Corollaries 1, 2 of Lemma 3.1, the trajectory w is singular
in Problem (Z) if and only if it is singular in Problem (Z.) (with the constraint wuy <
1.) The set A(w) for these problems is one and the same. In this sense, problems (Z)
are the same for all submetrics ¢(z,u) having one and the same support hyperplane

in a neighborhood of &#(¢). One can introduce the following definition.

Definition 7.1. We say that the submetrics ¢; and ¢» satisfying Assumption A2
are equivalent in a neighborhood of the curve &(t), if in a neighborhood of the set x
the vector ro(x) and the subspace I'o(z), taking part in the definition of the support

hyperplane, are common for these submetrics.
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In other words, the submetrics ¢; and ¢, are equivalent in a neighborhood of
the curve #(t), if in a neighborhood of the set x there exists an associated support
basis that is common for these submetrics. It is easy to see that this property holds
irrespective of the parametrization of the curve z .

For all submetrics equivalent to the given one, in any associated support basis, the
tangent halfspace to the hodograph at the point 7o(z), for z from some neighborhood
of the set ¥, is given by the inequality wuy < 1. Let us introduce also the following

definition.

Definition 7.2. An equivalence class, i.e., the set of all submetrics, every two of
which are equivalent to each other in a neighborhood of the curve #(t), will be called

a sheaf of submetrics equivalent in a neighborhood of #(t) .

A sheaf of submetrics that are equivalent in a neighborhood of #(t) is completely

determined by specifying an associated basis.

Definition 7.3. The set of all submetrics from a given sheaf that have the sub-
space D'o(z) as a strict support hyperplane will be called a strict sheaf of submetrics,

equivalent in a neighborhood of Z(¢) .
In these terms, we obtain the following strengthening of Theorem 7.1.

Theorem 7.2, Let w = (2=1,2(t),a = (1,0,...,0)) be a singular trajectory of
Problem (Z.), written in some associated basis, and let the inequality (7.20) or (7.21)
be satisfied for this trajectory for some a > 0. Then w is a point of the strict strong
minimum in Problem (Z) with any submetric from the strict sheaf corresponding to
this basts, i.e., a submetric for which this basis is an associated one (ro(Z(t)) = :i:(t) ),
and for all @ from some neighborhood of X, the hodograph U(x) is contained in the

halfspace ug <1 intersecting with the subspace ug =1 at the single point u .

This i1s precisely the result of the “direct” application of the general quadratic
conditions for the strong minimum from [9] to Problem (Z). A shortcoming of this
result 1s the presence of the assumption on the singularity of w in it. Below, in

Secs. 8-10, we will show that one can omit this assumption.

Now note that conditions (7.20) and (7.21) exactly coincide with the quadratic
sufficient conditions obtained recently by A. A. Milyutin [15] for the so-called rigidity

of the trajectory w for the following system.
System (R).
&= zro(z) + kz_:l wiri(z),
=1
z2=0, z(0)=a, =(T)=0.
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Recall that smooth I'-admissible curve &(t), connecting two points a and b, is
called rigid [3], if in some its neighborhood with respect to the norm ||z||¢ + ||%||c,
any other I'-admissible curve, connecting the same points is a reparametrization of
the curve &(t) .

This property is equivalent to the fact that (see [15]) in any associated basis, the
trajectory w = (2 = 1,&(¢), % = 0) is isolated among all trajectories of System (R)
on the fixed interval [0,T] with respect to the norm ||w|. = |2z] + ||2]lc + ||u||co -

Definition 7.4. Following [15], the trajectory w = (2 = 1,%(¢t), % = 0) of System
(R) is called quadratically rigid if, for some a > 0, inequality (7.20) or (7.21) holds,
where U = ¥, = Uy(w) is specified, as for Problem (S;), by relations (7.1)—(7.3).

In [15] it is proved that any quadratically rigid trajectory is rigid. (The latter
definition is motivated by this very fact.) In the same paper it is also shown that
property of the quadratic rigidity does not depend on the choice of associated basis
(in particular, conditions (7.17), (7.18) hold independently on this choice), so one can
speak about the quadratic rigidity of the curve &(¢). (A I'-admissible curve &(t) is
quadratically rigid, if the corresponding trajectory @ = (2 = 1, &(¢),% = 0) of System
(R) is quadratically rigid in some, and therefore, in any associated basis.) In addition,
it 1s shown that this property does not depend on the choice of parametrization of the

curve I .

Using the above terminology, we obtain the following reformulation of Theorem

7.2, which relates the concepts of rigidity and strong minimality.

Theorem 7.3. Let a singular trajectory w = (2 = 1,%(t),% = (1,0,...,0)) of
Problem (Z.) written in an associated basis be quadratically rigid. Then it is a point
of the strict strong minimum in Problem (Z) with any submetric from the strict sheaf
that is determined by this basis.

To prove this theorem, we have covered the following path:
Problem (Z) — Problem (Z) — Problem (Z,) —

— Problem (S) — Problem (S;) — System (R).

At this point we finish the procedure of the direct application of the general
quadratic sufficient conditions for singular trajectories to the problem on geodesics,

and pass to the elimination of the assumption on the singularity of w .
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Part 11

Sufficient Conditions for Strong
Minimum for Arbitrary
Quadratically Rigid Trajectories

8 Description of the Situation

Our goal in this part of the paper is to eliminate the assumption of the singularity in
Theorem 7.4, i.e., to prove the Main Theorem 1 that was announced in Introduction.

Now let us formulate this theorem in the above notions and notation.

Theorem 8.1 (Main Theorem 1). Let a I' -admissible curve &(t) connecting
the points a and b be quadratically rigid, i.e., let the inequality (7.20) or (7.21) for
some a > 0 hold for the trajectory w = (2 = 1,&(¢),a = 0) of System (R) in some
associated basis.  Then, in any submetric, not necessarily related to this basis, that has
a strict support hyperplane in a neighborhood of &(t), the curve &(t) yields the strict
strong minimum of distance between the points a and b, i.e., in Problem (Z) written
in any associated basis for &(t), that is strictly support one for the given submetric, the

trajectory w = (2 =1,&(t),a = (1,0,...,0)) is a point of the strict strong minimum.

In order to prove this theorem, we try to cover the same path as in Part I, but in
the reverse order: from System (R) to Problem (Z). But there is a rather serious
trouble waiting for us on this path: in the passage from System (R) to Problem (S),
there can appear A € A(Sy,w) for which

D) ro((t)) = % >0, (8.1)

and then, in the further passage to Problem (S), the trajectory @ becomes non-
singular, since it has A with a9 > 0. (In Problem (S;) itself, the singularity is
still retained, since the control w = (wy,...,ux_1) is free in this problem; therefore,
any stationary trajectory is singular; but, in Problem (S) the control wy < 1 is
added, and it is just with respect to this control inequality (8.1) violates the singular-
ity:  Hy, = ¥ro(2) > 0, i.e., the maximum of H over uo < 1 is strictly attained.)
Previously, in Part I, this was not the case, for we have just assumed that the trajectory
w was singular in Problem (Z), which is equivalent to its singularity in Problem (.5).

For nonsingular trajectories, the fulfilment of quadratic sufficient conditions with

our ~ 1is a too weak condition to guarantee in any somewhat general situation the
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presence of even the weak minimum and, the more so, the Pontryagin or the strong
minima. Thus, in the direct passage from System (R) to Problem (S;), we imme-
diately leave the framework of the theory of quadratic conditions for singular regimes,
on which our considerations are based, and, having only estimates (7.20) and (7.21),
we cannot say anything more.

In order to overcome this difficulty, we use a method proposed by A. A. Milyutin.

First, let us describe the situation more precisely.

Thus, let the curve &(¢), t € [0,T], of the distribution I'(z) be such that in
an associated basis ro(z),...,7,—1(2), the trajectory w = (¢ =1, &(¢), @; = 0,
i =1,....,k —1) of System (R) corresponding to this curve satisfies the quadratic
sufficient conditions (7.20) or (7.21). As was already said, these conditions will then
be satisfied in any other associated basis.

Let now in ['(z) an arbitrary submetric g(z,2) be given, not necessarily related
to the above basis, and having a strict support hyperplane I'g(z) in a neighborhood
of the curve &(t). Replacing, if necessary, the parametrization of the curve &, one
can assume that q(:i(t),:;;(t)) = 1. The time T and the base vector field rq(z) will
correspondingly change under this procedure, but the fulfilment of conditions (7.20),
(7.21) with some a > 0 for the trajectory @ in a new associated basis will remain
unchanged. Replacing the vector fields r1(z),...,7—1(x) by base fields for the hyper-
plane [g(z) (in some neighborhood of the set x ), we will have an associated basis in
['(z) that will be strictly support for the given submetric and in which the trajectory
w will satisfy System (R), and, according to [15], it will still satisfy conditions (7.20)
and (7.21) with some a > 0. (It is just due to this fact that an arbitrary submetrics
appears in the statement of Theorem 8.1.)

Let us fix the obtained basis, the closed interval [0,T], and the trajectory w; all
our further considerations will be carried out namely for these objects. In the chosen
basis, in some neighborhood of x, the unit ball U(z) of the given submetric is a
convex compact set in the space IR, which is contained in the halfspace uo < 1 and
intersects the hyperplane wuo =1 at the unique point @« = (1,0,...,0).

Let us now choose any convex compact set U C R* containing U(z) for all =
from some neighborhood of the set x and also intersecting with the halfspace uy =1
at the unique point @ = (1,0,...,0). (Such compact set has already been used in
Sec. 4; its existence is proved in Appendix B.) As before, if we show that @ is a point
of the strict strong minimum in Problem (Z) with the set U, then the more so it will
be such in Problem (Z) with the set U(z), and thereby Theorem 8.1 will be proved.

Thus, our starting position is as follows: the trajectory w is quadratically rigid

in System (R), and we want to prove that it is a point of the strict strong minimum
in Problem (Z) with the set U.

In essence, if one removes all the preliminaries that are not necessary now, we have
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the following situation. In an open set in IR", there given an arbitrary basis of a dis-
tribution I'(z), i.e., there given k linear independent vector fields ro(z),. .., rp_1(x).
In this basis, System (R) is considered, and a trajectory w = (2 = 1,&(¢), %« = 0) of
this system on a closed interval [0,T] is given; this trajectory is quadratically rigid,
i.e., it satisfies inequalities (7.20) and (7.21) for some a > 0. There also given an arbi-
trary convex compact set U € RF containing in the halfspace uy < 1 and intersecting
with the hyperplane wo = 1 at the unique point @ = (1,0,...,0); Problem (Z) is
considered for this compact set on the same interval [0,7']. It is required to prove that
then the trajectory w = (2 =1, #(¢), @t =1, @ = --- = g1 = 0) yields the

strict strong minimum in this problem.

Let us pass to the proof. As was already said, if we add now the functional
J =2z(0) — min to System (R), then in the obtained Problem (S;) there can appear
nonsingular ¥, i.e., those satisfying (8.1), and we want to avoid this circumstance. The
method proposed by A. A. Milyutin consists in the following: first, one should pass
from System (R) to some “relaxed” System (R’), and just from this system then
pass to the corresponding problems (S) and (S;) (more precisely, to analogs of these
problems, which will be denoted by other letters.)

Consider the first step of this chain of passages.

9 Passage to System (R)

As before, let ¥y = ¥o(w) be the set of all Lipschitzian n -dimensional functions on
[0,T], satisfying the following relations:

P(t) = —p(t) r((2), (9.1)
D) ri(EE) =0 Vi=0,1,....k—1. (9.2)

In R", we consider the linear subspace M = {¢(T)|¢ € ¥y} and choose (and
fix for the sequel) some orthogonal complement L to it. Then R"™ = M & L, and
any vector & € R" can be represented in the form = = xzp; + @, where zp = Ty,
xzy = wrx, and wpy, wp are the corresponding projections on M and L. Assuming
that M and L are coordinate planes in IR", one can write & = (2, 21).

Note a simple property that we will need below.

Proposition 9.1. If a function 1(t) satisfies Eq. (9.1) and (T) € M, then
¢ € Uy and relations (9.2) automatically hold for this function.
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Indeed, in this case, ¥(T') = 1;(T) for some 9 € U, (by the definition of the set
M), and since both functions ¢ and 1 satisfy one and the same differential equation
(9.1), we have (t) = i(t) on the whole closed interval [0,T], i.e., ¥ € ¥y, and,
hence, (9.2) holds.

Denote Az(T) = z(T)—b and consider the following system.
System (R').
k-1
& = zro(z) + Z wir; (),
=1

2=0, z(0)=a,

It differs from System (R) by the fact that, instead of the endpoint equality =(7)—b =
0, i.e., instead of two equalities Azp(T) = 0 and Azr(T) = 0, there is now only
one equality, and the other is written in the form of inequality |Azr(T)[* < 0.

It is clear that the set of admissible trajectories in both systems is one and the
same, so nothing was changed at the first glance. But the cone of critical variations
K(R') for System (R') at the trajectory w is wider then that cone for System (R).

In both cases, it is a subspace, but, if previously it was given by the relations

k—1
T= zro(&) + rp(&)xT + D uimi(a),
=1

now the last of these relations is absent: #r(T') is free. In addition, as we will show
below, the set A(w) of Lagrange collections for System (R’) is wider than that for
System (R). (The set A(w) for any system is defined in the same way as for any
minimization problem, with the only difference that here there is no the objective
functional, and hence there will be no corresponding multiplier «y. In other words, the
set A(w) for any system is the set of all those Lagrange collections for the minimization
problem with the given system and with an arbitrary functional, whose coefficient by
the functional «y = 0. Actually, we have used this property in Sec. 7.)

To each A € A(R',w), there correspond the Lagrange function and its second
variation Q[A](w).
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Definition 9.1. We say that the trajectory @ of System (R’') satisfies the weak

~ -sufficiency if, for some a > 0,

A%%Xw) Q[A](w) > ay(w) Vo e K(R). (9.3)

For System (R), the weak -~ -sufficiency was called the quadratic rigidity (see
Sec. 7).

Theorem 9.1. Let the weak v -sufficiency (i.e., the quadratic rigidity) be satisfied
for the trajectory w in System (R). Then it is satisfied also in System (R').

Before giving a proof, let us make more precise the structure of the set
A(R'). The previous set A(R) consisted of the normalized collections A = (¢p =
$(t), %2, Bo, Bar, ) such that for the corresponding functions

H[M(z,z,u) = 2(¢,r0(2)) + Lui(, i),
A(2(0), 2 (T), 2(T)) = Po(x(0) —a) + BuBam(T) + Prdzr(T)
the following relations hold:

lb‘m = _Hm[)‘] = —2@&#“6(:%),

e = —H.[\ = —ghuro(#).
P.(0) = l;(o)[)‘] = Po, P (T) = —l;(T)[)\] = —(Bum, Br),
$2(0) = 9.(T) = 0,
H. [\ = (¢,7m(2)) =0, 1=1,...,k—1,
HMN(2,&,4) = Z(¢,70(2)) = const .

These conditions, as was already shown in Sec. 3, are reduced to the fact that the
function (t) = ¢.(t) satisfies relations (9.1) and (9.2). The transversality conditions
are not essential here, and the nontriviality of the collection A is equivalent to the
nontriviality of the function ¢ (here the function %, = 0). Note that here, VA we
have Bz =0, since (1) € M by the definition of the subspace M.

For the new system, the set A(R') consists of collections A = (¢ = ,(t), .,
Bo, B, ar), where ar is now a scalar, ar > 0, satisfying the same conditions, in

which only the endpoint function [[A] is changed; it is now equal to

IA(2(0), 20a(T), 22(T)) = o (2(0) — a) + BruAwp(T) + ez |Awr(T) P,
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therefore, the transversality conditions will now be as follows:

$(0) = Bo,  P(T) = (=Fm,0). (9-4)

The last relation simply means that ¢ (7') € M. Here still ¢ = ¢, satisfies (9.1) and
(9.2), and ¢, =0 (hence %, is not considered in the sequel).

Thus, if A € A(R'), then 1 satisfies relations (9.1), (9.2), and %(T') € M, i.e.,
no new 1 as compared with A(R) appear.

On the other hand, if A = (¢, 8o, Bum, L) € A(R), then o satisfies relations (9.1),
(9.2), and (T) € M. But then ¢ satisfies (9.4), and, therefore, for any a > 0, the
collection A = (¢, o, Bum, ) € A(R').

Thus, the store of functions 1 = ¢, in the sets A(R) and A(R') is one and the

same. However, one more element appears in the set A(R’); namely,
=@t =0, =0, PBu=0, a=1),

and, as can be easily shown, any element of A(R') is a convex combination of some
element having ¢ # 0 and ar = 0, and of this “labelled” element Ag. The above

considerations imply the following statement (we have actually proved it).

Lemma 9.1. There exists an injection 7 : A(R) — A(R'), for which the Lagrange
function ®[N|(z,z,u) does not change, and A(R') is the conver hull of ®(A(R)) and

the point Ao up to normalization.

Indeed, consider the mapping

A= (¢7/807/3M7/6L = 0) — N = (¢7/307/6M7QL = 0)

as mw. Obviously, it satisfies the required properties. The Lagrange function for such
A and )\ in both systems is one and the same. More precisely, ®[A, R] = ®[N, R].

Then the second variations of these functions (at the point ) are related exactly in

the same way: Q[A, R](w) = Q[N, R'](w).

Proof of Theorem 9.1. From Lemma 9.1, it follows that the left-hand side of
(9.3) is the maximum of the following two values: Q[A(R)](w) and Q[A¢](w). For
the point Ao, we have ®[\o](w) = |AzL(T)|?* therefore, Q[No](w) = |ZL(T)|?. Thus,

the statement of the theorem is reduced to the following. For some a > 0, let
QA(R)](w) > ay(w) Vo € K(R). (9.5)
Then, for some a’' > 0,

max { QA()](@), [2L(T)*} > a'y(@) Vo € K(). (9.6)
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Let us prove this statement by contradiction. Suppose that (9.6) is not satisfied,

i.e., there exists a sequence w, € K(R') for which the following simultaneously hold:

QAO(@n) < o(y(@n)), (9.7)
ZLa(T)* < o(y(wn)).
Denote «(w,) = v, for brevity. The last inequality means that the variation w,

violates the constraint zr(7) = 0 from amongst those ones that specify the subspace
K(R) (and only this constraint, since w, € K(R')), by a value of order o (/7).
Then from the Banach open mapping theorem (the distance from a point to the kernel
of a linear surjective operator is estimated by the norm of the image of this point), it
follows that there exists a correction w, € K(R'), such that

|wnl] = [Za] + |Znlle + [Jtn]loo < 0(v/n) (9.8)
and w!, = W, + W, € K(R), (9.9)
ie, z(T) = &,(T) + &,(T) = 0. It is easy to see that for the new sequence

y(wl) = (W, + W,) = Yn + 0(Yn) , i.e., the new infinitesimal value 5, = y(w)) is
equivalent to the old -,.

Now let us estimate the value of Q[A(R)] on the sequence w/, taking (9.7) into
account. To this end, let us first estimate the change of the individual quadratic form
for each A. It is convenient to carry out such estimation for the following general
quadratic form that has the zero Legendre term (the bars over the variables are not

written here for convenience):

T
o.u) = (Spp)+ [ (D(B)2,2) +2(a,C (1)) dt.
and which is considered on linear equation
&= A(t)x + B(t)u, (9.10)

where p = (2o, 27), the matrix S is of dimension 2n x 2n, the matrices D and A
of corresponding dimensions are measurable and bounded, and the matrices B and
C are Lipschitzian. (The quadratic forms of our family Q[A] obviously belong to this
general class. It should be only noted that as the phase variable we have the pair

(z,z), not x.) For system (9.10) we have, by definition,
3w) = [OF +y(T)7 + [ P d where j = u y(0) =0,
and one can show (see Appendix D) that the following estimate is valid:
l2(0)]> + |2(T)]* + /OT |z|>dt < const - y(w). (9.11)
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Lemma 9.2. Let sequences w, = (n,u,) and W, = (&, %,) satisfy the linear
system (9.10), and let

[ @n]loo = [|Zn]lco + [[Tnlloe < 0 (v/n), (9.12)
where v, = y(wy). Then, for w!, = w, + W,, we have y(w)) ~ v, and

Qw}) = Qwn) + 0(7a)-

The proof is also given in Appendix D.

In our situation, this lemma implies that VA,
QA (wy,) = QA(@n) + an[A] - yn,

where a,[A] — 0. Since the dependence on A here is linear, for any bounded set

M = {A} the following holds:

sup Q[A](w;,) = sup QA(@n) + by Yn,

AEM AeEM

where b, = b,(M) — 0. In particular, for M = A(R) we have
QAO(wy) = QUAO(@n) + o0 ().

But then, from (9.7), we obtain  Q[A()](w),) < o(vn), which, in view of (9.9),

k3

contradicts (9.5). Theorem 9.1 is proved.

Thus, we are now in System (R'), and the weak ~ -sufficiency is satisfied for the

trajectory w in this system.

10 Passage to Problems (P;), (P), and (Yi)

Counsider now Problem (P;), which is obtained by adding the functional J = z(0) —
min to System (R'), and let us see what the set A(P;,w) will look like here. This
set consists of all normalized collections A = (¢ = 9¥.(t), V., Bo, Bu, o, r), where
ap > 0, ar > 0, such that, for the corresponding functions

H[)‘](vavu) = Z(¢7r0($)) + Zul(@b,rl(:l?)) + 4. -0,
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UA(z0, 20, z7) = a0z(0) + Bo(x(0) — a) + BuAzp(T) + ar|AzL(T)|?,

the following conditions hold (we take into account that 2 =1):

HIA(2,&,4) = ¢ ro(Z) = const,

¢Z = _¢ ’I“o(:i), 'lpz(o) = o, ¢Z(T) =0
(this implies ¥7o(2) = ao/T >0 ),

p=—yry(d),  P(0)=pFo. P(T)=(~Pu0),

and still ¢ ri(2)=0, i=1,...,k— L

Here, a priori is possible that ao/T = tro(&) > 0, ie., that a “nonsingular”
¢ = 1, can appear. But, from the transversality condition, ¢(T') = (—fum,0), i.e.,
$(T) € M, and from Proposition 9.1 it follows that oro(2) = 0, ie., ag =0 (and
also 9, =0).

Thus, in the passage from System (R’) to Problem (P;) no new % = ¢, appear,
and hence the Lagrange sets for them coincide: A(Py,w) = A(R', ). (More precisely,
the set A(Py,w) consists of all elements of the form (ap = 0, A), where A € A(R', W),
and only of such elements.)

Further, the cone of critical variations in Problem (P;) is a halfspace in the sub-
space K(R'), namely,

K(P) = {@ € K(R)|20) <0}

(The additional inequality corresponds to the functional J of Problem (P;), which
was not present in Problem (R'). ) But from the point of view of the nonnegativity of
any homogeneous function of the second degree, a linear space and its halfspace are
equivalent; therefore, one can take K(P1) = K(R').

These two facts imply

Theorem 10.1. Let the weak ~ -sufficiency be satisfied for the trajectory w in
System (R'). Then it is satisfied also in Problem (Py), i.e., for some a > 0, we
have

fxr(lgﬁg[)\](w) > ay(w) Vo e K(P). (10.1)

Thus, we are now in Problem (P;), and the weak + -sufficiency (10.1) is satis-
fied for w. Note that Problem (P;) almost coincides with Problem (S7); the only
difference is that instead of the constraint Az(T) = @(T) — b = 0 we now have the
following two constraints: Azp(T) =0, |Azr(T)]* <O0.
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Let us proceed further. Previously, we passed to Problem (S;) from Problem (5).
Let us now make the corresponding reverse passage, namely, from Problem (P;) to
the following problem.

Problem (P).
k—1
& = zugro(z) + Z wiri(), (10.2)
=1
z= 0, Up S ]_7
z(0) =a, Azy(T)=0, |Az (T)]?<0.

J = z(0) — min,

i.e., we have “released” wug. (We had uy =1, and now we have uo < 1.)
Since the admisssible control set has expanded, the corresponding Lagrange set A

can only narrow. But, in this case, no narrowing will take place.
Lemma 10.1. Problems (P) and (Py) have one and the same set A(w).

Proof. The introduction of ug < 1 leads to the appearance of the additional
condition

Hy[N] = $ro(2) > 0 (10.3)

in the MP. But, for any A € A(P;), the following simply holds: ¢ro(Z) = 0; hence,
A € A(P). The inverse inclusion A(P) C A(P1), as was already said, is obvious.

Remark. This lemma would be valid also for the usual boundary condition #(T') =
0, i.e., for the passage from Problem (S;) to Problem (S§), since, VA € A(S1), the
following holds: % ro(&) = ao/T > 0, and this is just the additional condition (10.3)
in the MP for Problem (5).

Now it is important for us that ¢ ro(#) = 0 in Problem (P;), from which, by
Lemma 10.1, it follows that the trajectory @ is singular in Problem (P).

Theorem 10.2. The weak v -sufficiency for the trajectory w in Problem (P;)
is equivalent to the weak v -sufficiency for this trajectory in Problem (P).

The proof completely repeats the proof of Theorem 6.1 with the only difference that
in the violation function, instead of |¢(T)—b|, one should everywhere take |Azp(T)|+
|Azr(T)]*. Since the term |z(T) — b| actually took only “passive” participation in
all above considerations, nothing will change under such replacement. The detailed
verification of this fact i1s left to the reader.
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Let us now pass from Problem (P) to Problem (Y.), which is obtained from
Problem (P) by the replacement of the differential equation (10.2) with the “ini-
tial”equation (5.1).

Problem (Y.).
k—1
T =z (uoro(:n) + Z
=1
<

2:0, o

um(fv)) )
17
z(0) =a, Azy(T)=0, |Az (T)]?<0,

J = 2(0) — min.

Theorem 10.3. The weak ~ -sufficiency for the trajectory w in Problem (P)
is equivalent to the weak v -sufficiency for this trajectory in Problem (Y.).

The proof is completely similar to the proof of Theorem 5.2.

At last, using Theorem 8.1 from [9], we can pass to the final point of our chain of
passages, namely, to

Problem (V).
&= z (uoro(:ls) + kf um(x)) : (10.4)

=1
:=0, wel, =z(0)=a, (10.5)
Azy(T) =0, |Azr(T)]* <0, (10.6)

J = z(0) — min,

which differs from Problem (Y.) by the fact that here the admissible control set is not
the halfspace wuo < 1, but is the convex compact set U described in the end of Sec. 8.
Namely, similar to Theorem 5.1, the following holds:

Theorem 10.4. Let the trajectory w satisfy the ~ -sufficient condition for the
weak minimum in Problem (Y.). Then w is a point of the strict strong minimum
in Problem (}7) with the set U. Moreover, there exist €, C > 0, such that for all
w = (z,z,u) from the set |z — 1|+ ||z — &||c < e, satisfying (10.4) and (10.5), the
following estimate holds:

(z = 1* + [Azy (D)) + [Azg(T)]? > Cylw — ). (10.7)
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Now it remains to note, that if one neglects the v -estimate (10.7), i.e., if the second
statement of Theorem 10.4 is ignored, then the strict strong minimum (at the point
) in Problem (Y) coincides with the strict strong minimum in Problem (Z), which
(see Sec. 4) differs from Problem (Y) only by the fact that the boundary conditions
in it are of the initial form: Az(T) = =(T) — b = 0, since, outside the -~ -estimates,
the constraints (10.6) have the same sense as Az(T) = 0.

Thus, we have covered the path from System (R) to Problem (2) :

System (R) — System (R’) — Problem (P;) — Problem (P) —
— Problem (Y.) — Problem (}7) — Problem (2),

but this time not assuming the singularity of the trajectory w in Problem (Z~)
Theorems 9.1, 10.1-10.4 imply

Theorem 10.5. Let the trajectory w in System (R) satisfy the weak - -
sufficiency, i.e., let w be quadratically rigid. Then, it is a point of the strict strong

minimum in Problem (Z).

Thus, Theorem 8.1, the Main Theorem 1 of this paper, is proved.

This theorem is stronger than Theorem 5.2 from [1], since in the latter (a) only two-
dimensional distributions and only sub-Riemmanian metrics were admitted; (b) it was
assumed that inequality (7.21) was satisfied for an individual quadratic form Q[¢](w)
for some @ € G,(¥y), which is a more restrictive requirement; (c) not the strong

minimum was guaranteed, but only the minimum with respect to ||w||;.

Part 111
Sufficient Conditions

for Pontryagin Minimality

Consider again the initial Problem (Z) on the curve of minimum length, but now we
will study the presence of not the strong minimum, but of the Pontryagin minimum
(briefly, II-minimum) at the given trajectory w. Here it will be sufficient for us
to require from the submetric to satisfy Assumption A2 on the existence of a twice
smooth support (not necessarily strictly support) hyperplane in a neighborhood of the
trajectory &(t).
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11 Passage to Problems (Z,) and (S5)

Let us again write Problem (Z) in an associated basis that is support for a given

submetric, and let us pass directly to Problem (Z.) with the subspace of controls.

Problem (Z.).
k-1
T =2z (uoro(:n) + Z ulrl(:n)) \ (11.1)
=1
z2=0, z(0)=a, =(T)=0b, (11.2)
Uy,...,up_1 are free,

J = z(0) — min,

It is obvious that any sufficient condition for the II -minimum in Problem (Z.) will
automatically be a sufficient condition for the IT-minimum in the initial Problem (Z);
therefore, we can apply the general v -sufficient conditions for II-minimum from [9]
to Problem (Z.). However, as in Sec. 5, let us first carry out a number of passages

that will enable us to simplify these conditions. Introduce the following notions.

Definition 11.1. We will say that a sequence w,, = (2, &5, u,) converges in the

) . A nn . . o . .
Pontryagin sense to @ = (2,%,%) and we will write w,, — w if

|z — 2| + |0 — &||cc + ||ttn — @

Let D be a subset of W containing w.

Definition 11.2. We will say that the property F holds on the set D if there
exists C' > 0 such that for any sequence w, € D, w, RN w, the estimate

(20 = 1)* + [20(T) = b = Cy(w, — ) (11.3)
holds for all sufficiently large 7.
Now let us introduce the set
D(Z.) = {w|Eq. (11.1) holds, % =0, =(0) = a, ue < 1}.
Theorems 7.1 and 7.2 in [9] imply

Theorem 11.1. The v -sufficient condition for the II -minimum for the trajec-
tory w in Problem (Z.) is equivalent to the fulfilment of the property F on the set
D(Z.) .
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Further, as in Sec. 5, let us pass to Problem (.5), which differs from Problem (Z.)
by the fact that Eq. (11.1) is replaced by the following equation:

& = zugro(z) + z:: wiri(z). (11.4)

By analogy with Theorem 5.2, the following holds.

Theorem 11.2. The v -sufficient condition for the II -minimum in Problem (Z.)

is equivalent to the ~y -sufficient condition for the II -minimum in Problem (S) .

The proof, in view of Theorem 7.2 (ii) from [9], is a consequence of the following

lemma which is similar to Lemma 5.1.

Lemma 11.1. The fulfilment of the property F on the set D(Z.) is equivalent
to its fulfilment on the set D(S).

(The set D(S) was introduced in Sec. 6.) The proof almost literally repeats the
proof of Lemma 5.1.

Now let us write the ~ -sufficient condition for the IT-minimum in Problem ().
To this end, we must define the corresponding objects. First, it is the cone of critical
variations for Problem (S) at the point @, which, according to [9, Sec. 4],is K NN,
where K is given by the linearization of all constraints of the problem, except for
the constraint on the control, and N consists of variations that are, for every ¢,
tangent to the admissible control set at the point @(t). In our case, V¢, the tangent
cone to the set U, = {u € R*|uy < 1} at the point a(#) is one and the same:
N = {a € R"| @, < 0}.

Thus, K consists of all @w = (z,,u) satisfying the equations
‘ k-1
= Zro(®) + r5(2)T + woro() + > (&), (11.5)
=1

z=0, z(0)=2z(T)=0, (11.6)
and the inequality z < 0 (the linearization of the functional), while
N = {w] wo(t) <0 a.e.}.
In addition, for the cone N, we determine the maximal linear subspace Ny C N;

in our case it is the hyperplane w, = 0.

As was already proved, A(S,w) = A(Z,w). For each A we must consider the
corresponding Lagrange function ®[A](w) and take its second variation Q[A](w) at

the trajectory . In the above, we wrote the quadratic form (7.11) for Problem (.57).
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Since Problem (5), as compared with Problem (S;), involves an additional control

g, now two more terms will appear in the quadratic form, namely,

_1AT(zao¢rdi) + o p(ri(i) 7)) dt, (11.7)

but it would not affect the selection of A into sets G,(A) : one can show that, like
for Problem (S;), this selection is specified by conditions (7.17) and (7.18); no other
conditions would appear (see Appendix C). However, we will not use this fact, as well
as a particular form of the functional Q[A|(@); we only endow it with the subscript
S.

Further, according to [9, Sec. 4] (see also [5, 8]), for our control system (11.4), (11.2)
and for any A, we define a cubic functional p[A](w); this functional is considered
under the linear constraints (11.5) and (11.6) for @(t) € Ny almost everywhere (i.e.,
for wo(t) = 0 a.e. in this case). Using this functional, we define subsets E,(A) of
the sets G,(A). Precisely, Va the set E,(A) consists of all those A € G,(A), for
which the functional p[A](w) satisfies an additional equality-type condition on the

abovenoted subspace of w. In our case, this condition means (see Appendix E) that

D(8) [ [rirs] | (E(E) =0 Vijs=1,... k1. (11.8)

Note that, in contrast to conditions (7.17) and (7.18), this condition now depends
on the choice of associated basis. Moreover, as was shown by A. A. Milyutin, if it is

satisfied for some basis, then it is not satisfied for all other sufficiently close bases.

Now we can formulate a sufficient condition for the II-minimum in Problem (5).
Theorems 7.1, 7.2, and 7.4 from [9] imply

Theorem 11.3. Suppose that, for some a > 0,
Qs [Eo(A(S)))(w) > ay(w) VoeKNN. (11.9)

Then w s a point of the strict II -minimum in Problem (S).

Inequality (11.9) is equivalent to the inequality
Qs [E.(A(S))](w) > avy(w) Voe KNN, (11.10)

(here E.(A(S)) is automatically nonempty), and is also equivalent to the fulfilment of
the property F on the set D(S).
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12 Passage to uy=1

Thus, we have the ~ -sufficient condition for the II-minimum for the trajectory w in
Problem (S5). Let us now pass from the halfspace ug < 1 to the subspace uo = 1,
i.e., to Problem (S;). However, here it is not possible to make this passage directly, as
it was done in Sec. 6. We will make this passage in two steps: first, we will pass to an
intermediate Problem (S% ), in which the control set U% is the stripe % < g <1,
and only then to Problem (S;) with the control set wuy = 1. The reasons for using
the intermediate problem will be given below in the proof of Lemma 12.1.

Counsider the first step of this passage. Since in a uniform neighborhood of ()
the set U, coincides with the set Uy /s, in the passage from Problem (S) to Problem
(S%) the set A(w) will not change; hence, the family of Lagrange functions and the
corresponding families of quadratic forms Q[A](@w) and cubic functionals p[A](w) will
not change. In addition, the tangent cone N to the sets uy <1 and % <ug <1 at
the point @ (for which @, = 1) will be one and the same. Therefore, the sets G,(A)
and E,(A) for Problem (S% ) will also be the same as for Problem (S). Thus, all the
objects taking part in the statement of the + -sufficient conditions for the II -minimum,
i.e., in the inequalities (11.9) and (11.10), will be the same for both problems. Hence,

the following is valid.

Theorem 12.1. The v -sufficient condition for the Il -minimum in Problem (S)

coincides with the v -sufficient condition for the II -minimum in Problem (S ).
2

Now let us consider the passage from Problem (S%) to Problem (S;) with the
subspace ug = 1 as the control set. As was established in Sec. 6, the set A(w) is not

changed in this process.

Theorem 12.2. The -~ -sufficient condition for the II -minimum in Prob-
lem (S%) s equivalent to the - -sufficient condition for the II -minimum in Prob-

lem (S1).

The proof, in view of Theorem 7.2 (ii) from [9], is a consequence of the following

lemma.

Lemma 12.1. The validity of property F on the set ’D(S;_) 15 equivalent to its
validity on the set D(S1).

The proof is similar to the proof of Lemma 6.2. Since 'D(S%) D D(S1), it is
sufficient, as before, to prove the implication (<). We will prove the contrapositive
implication. To this end, it is sufficient to prove that there exists €9 > 0 such that
if 0 <e<e¢g and if a sequence w, € 'D(S;_), Wy, # W, w, LN w, satisfies the
estimate

o(wn) = (2 — 1" + [aa(T) — ] < y(w, — 1), (12.1)
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then there exists a sequence w), € D(S1), w), #w, w., Ly 4, for which

o(w)) < Qevy(w), —w), (12.2)

k3

where () is a constant that does not depend on the sequence and on e¢.

Let us follow the proof of Lemma 6.2. Let be given a sequence w, satisfying
(12.1) with some & > 0. As before, reparametrize each its term in such a way that for
a new sequence w, we will have u),(f) = 1. Since we have 1 < ugn(t) <1 (ie,
d =1/2), the function s,(t) defined by formula (6.8) will still define a bi-Lipschitzian
mapping of the interval [0,T] onto itself (3 < $,(t) < 2); therefore, the required
parametrization is available. (It is just at this point we use the fact that wg,(t) is
bounded away from zero. If, as before, we had only the inequality wg,(¢) < 1, then,
since now u,, converges to @ not uniformly, but only in the Pontryagin sense, for all
n the inequality wg,(t) < 0 could hold on a set of positive measure, and then the
above reparametrization of the trajectory w, would not be available.)

The trajectory w!, constructed by the formulas (6.10) and (6.11) belongs to D(S1).
Since [T |1 —wuon|dt — 0, we have 6, — 1 —0, and therefore, also z. — 1 —0, and

since Vi=1,....k—1,

T T
| ha(s)lds = [ fuia()] dt = 0,
0 0

from (6.12) and Gronwall-type estimates we easily obtain ||z — &
w!, RV

¢ — 0. Therefore,

The order « for Problems (S L ) and (S7) is determined by the same formulas
(6.5) and (6.6); therefore, inequality (12.1) for w, means, similar to (6.16), that the
following holds (we omit the subscript n ):

(=D +[2(T) = b < e (127 + [5o(T)* + n(y)) (12.3)
And we want to show that then the following inequality holds:
(' =1+ [a(T) — b < Qe (2 +n(v)) . (12.4)

where () does not depend on the sequence and on .

Since inequalities (6.9) now hold for d = 7, then (6.18) also holds for this 4, i.e.,
1
Safw) < () < 200) (125)

Further, we set p = —(1/T)yo(T) and by analogy with (6.20), we obtain the estimate
(z = )" +[2(T) = b < &-C(T) (|21 + 9" +0(y) - (12.6)
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where C(T') is a constant that depends only on T.

Denote by M. the class of all sequences w,, € 'D(S;_ ), wy I w, w, #w (for
large n), satisfying the estimate (12.3), or, which is the same, satisfying the estimate
(12.1). Assume that there exist €y > 0 and a constant K such that for any sequence
from the class M,,, the following estimate holds:

P <K (7] +n)) . (12.7)

Since under the decrease of &, the class M, narrows, this constant K fits for any
class M. with e < g9. And since it is just sufficient for us to consider ¢ < &g, from
(12.6), (12.7), and from the inequality 2z’ < z, we obtain the required estimate (12.4).

Now let us show that such a constant K exists for the class M, even for any
€ > 0. Assume that for some ¢ > 0 there is no such constant, i.e., for any a > 0,

there exists a sequence w, from the class M. for which
21" +0(y) < ap’. (12.8)
Then, from (12.6), we obtain
() 4 [#(T) —b] < - O(T) (1 + ) (129)
Here, 8z = Z' +p, and 6 — 1; therefore,
(Z+p)" < 2Ce(1+a)p’ (12.10)

From (12.8), it follows that |z’'| < y/ap. Let us assume that « < 1/4. Then p > 0
implies (z' + p)* > (1 — /a)p > 1 p, and, by virtue of (12.10), ;p < 3Cep?, and
from here, since p, — 0+ (we again write the subscript n), it obviously follows that
pn. =0 for large n.

But then also z/, =0, and z, =0, ie., z, =1, and, by virtue of (12.8), we have
n(yl) =0, hence, n(y,) =0, ie., u;,(t) =0, ¢=1,...,k— 1. In addition, p, =0
implies 6, =1, wug(t) =1, and then z, = &,. Thus, for large n, the trajectory w,
coincides with w, which contradicts the definition of the class M,.. Therefore, the
required constant K does exist. (It is clear from the above arguments that K = 4
obviously fits.) Lemma 12.1 is proved, and thus, Theorem 12.2 is also proved along
with this lemma.
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13 Quadratic Conditions for II-Minimum
in Problem (5))

Thus, we have passed to the < -sufficient conditions for the II-minimum in Prob-
lem (S7). In this problem, the control w € IR*~! is free, therefore, according to Sec. 11
(see also [5, 9]), the ~ -conditions for the II-minimum differ from the ~ -conditions
for the weak minimum by the additional condition (11.8), to which A € A(w) or,
which is the same, ¢ € ¥(w), should satisfy. The conditions for weak minimum in
Problem (S;) were written out in Sec. 7. The cone of critical variations here is the
subspace given by relations (7.6), (7.8), and (7.9); the quadratic form Q[¢](w) has
the form (7.11), the order v is given by formula (7.19). The set G,(¥) consists of all
¢ € U satisfying conditions (7.17), and (7.18), and the set E,(¥) consists of those
that satisfy both these conditions and relations (11.8).

According to Theorem 7.1(ii) from [9], the ~ -sufficient condition for the II-
minimum for the point @ in Problem (S;) consists in the fact that, for some a > 0,

the following holds:
T
Q [Eo(9)] (@) > a/ g2dt  Vaoek. (13.1)
0

(This inequality automatically implies that Ey(¥) is nonempty.)
According to [4, 5, 7], this condition is equivalent to the fact that, for the same a > 0,
the following holds:

Q[E.()](@) > a/OT g7dt Yo eKk. (13.2)

From here, in view of Theorems 12.2, 12.1, and 11.2, we obtain the final form of

quadratic sufficient conditions for the II-minimum for the singular trajectory @ in

Problem (Z.).

Theorem 13.1. Let w = (2 = 1,&(¢),a = (1,0,...,0)) be a singular trajectory
of Problem (Z.), and, for some a > 0, let inequality (13.1) or (15.2) be satisfied for

this trajectory. Then w is a point of the strict II -minimum in Problem (Z.).

Recall that IT-minimum in Problem (Z.) with the subspace of controls uy < 1
means that for any bounded set B C R*, in Problem (Z.) with the control set
{up < 1} N B, the point @ gives the minimum with respect to the norm ||w|; =

2|+ [lzlle + llulls

Now, as in Sec. 7, let us use Corollary 2 of Lemma 3.1, which asserts that the
singularity of the trajectory @ in Problem (Z.) is equivalent to its singularity in the
initial Problem (Z), and use the notion of the sheaf of submetrics corresponding to a

given basis. Then we obtain the following strengthening of Theorem 13.1.
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Theorem 13.2. Let w = (2 = 1,&(¢),w = (1,0,...,0)) be a singular trajectory
of Problem (Z.) written in an associated basis, and let this trajectory satisfy inequality
(15.1) or (13.2) for some a > 0. Then in Problem (Z) with any submetric from the
sheaf that corresponds to this basis, w 1is a point of the strict minimum with respect

to the norm ||wl|;.

The above i1s exactly the result of the “direct” application of the general quadratic
conditions for the II-minimum from [9] to Problem (Z). As in Sec. 7, a shortcoming
of this result is the assumption of the singularity of w that is present in it. In Sec. 14,

we will show that here again one can get rid of this assumption.

For the time being, as in Sec. 7, note that the functional J in no way enters condi-
tions (13.1) and (13.2), and these conditions themselves coincide with the 5 -sufficient
conditions for the so-called Pontryagin rigidity of the trajectory @ for System (R),
that were obtained in [15].

Definition 13.1 [15]. A smooth I'-admissible curve &(t), t € [0,T], connecting
the points a and b, is called Pontryagin-type rigid (briefly, II-rigid) with respect to
a given associated basis, if the corresponding trajectory (&(t),w(t) = (1,0,...,0)) of
the system @ = wugro(z) + Y u;ri(z) has the following property: for any K, h > 0,
there exists an ¢ > 0 such that any trajectory (x(t),u(t)), ¢t € [0,T], of this system
o+ llu—dalls <e,

~

||l < K, and wuo(t) > h a.e., is a reparametrization of the trajectory (&(t),u(t)).

connecting the same points and satisfying the inequalities ||z — &

It is easy to show that this property is equivalent to the fact that, for any K, the
trajectory w = (2 = 1,&(¢),% = 0) of System (R) is isolated with respect to the
norm ||w|; in the set of all trajectories of this system on the given interval [0,T],

satisfying the constraint |ju|. < K.

Definition 13.2 [15]. The trajectory @ = (£ = 1,&(¢),% = 0) of System (R) is
called quadratically II -rigid in a given associated basis, if it satisfies inequality (13.1)
or (13.2) for some a > 0.

In [15], it is proved that any quadratically II -rigid trajectory is II-rigid in the
given basis. The property of quadratic II-rigidity, in contrast to that of “ordinary”
rigidity, depends on the choice of associated basis (since the fulfilment of condition
(11.8) depends on the choice of basis); more precisely, this property depends on the
choice of subspace I'g(z) and does not depend on the choice of basis in I'g(z) and
also on the parametrization of the curve .

Using the introduced notions, we get the following reformulation of Theorem 13.2,

which relates the concepts of II-rigidity and II -minimum.
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Theorem 13.3. Let a singular trajectory w = (2 = 1,&(¢),a = (1,0,...,0)) of
Problem (Z.), written in an associated basis, be quadratically II -rigid. Then it is a
point of the strict I1 -minimum in Problem (Z.), or, in other words, it is a point of the
strict minimum with respect to the norm ||lwl|y in Problem (Z) with any submetric

from the sheaf determined by the given basis.
In order to prove this theorem, we have covered the following path:
Problem (Z) — Problem (Z.) — Problem (S5) —

— Problem (S%) — Problem (S1) — System (R).

Here we complete the procedure of direct application of the general quadratic
sufficient conditions for the II-minimum for singular trajectories to the problem on

geodesics, and pass to the elimination of the assumption of singularity of .

14 Conditions for [I-Minimality of
Quadratically IT-Rigid Trajectories

In this section, our goal is to get rid of the assumption of singularity in Theorems 13.1-

13.3, 1.e., to prove the following theorem.

Theorem 14.1 (Main Theorem 2). Let the trajectory w = (2 = 1, &(t), @ =
(0,...,0)) of System (R), written in an associated basis be quadratically II -rigid,
i.e., let it satisfy inequality (13.1) or (13.2) for some a > 0. Then it is a point of the
strict II -minimum in Problem (Z.) for this basis, and, therefore, it is a point of the
strict minimum with respect to ||w||y in Problem (Z) with any submetric from the

sheaf determined by this basis.

To prove this theorem, we will cover the same path as in Secs. 11-13, but in the
reverse order: from System (R) to Problem (Z.), as was done in Part II. In contrast
to the situation of Sec. 8, now the basis is fixed: it is one and the same in System (R)
and in Problem (Z.). In addition, since the second statement of Theorem 14.1 (about
Problem (Z)) is a trivial consequence of the first one (about Problem (Z.)), and
Problem (Z.) does not involve a submetric, the submetric in fact does not take part
in the proof of this theorem at all.

Thus, let the trajectory @ of System (R) satisfy conditions (13.1) or (13.2) for
a > 0. Asin Sec. 9, let us first pass to System (R'). As was shown, in this passage the
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subspace of critical variations expands, and the set A(w) expands too. Lemma 9.1,
which describes the set A(R',w), is still valid. Moreover, this lemma implies the
following property that will be useful for us.

Lemma 14.1. Under the injection from Lemma 9.1, the set E.(A(R')) is,
up to normalization, the conver hull of the set w((E.(A(R)))) and of the point .
(Obviously, Ao € Eq(A(R')), for it has ¢ =0.)

The passage to System (R') is ensured by the following theorem.

Theorem 14.2. Let the quadratic 11 -rigidity holds for the trajectory w in Sys-
tem (R). Then it holds also in System (R').

The proof is similar to the proof of Theorem 9.1 with the only difference that the
quadratic condition of II -rigidity involves the maximum not over all A € A, but only
over A € Ey(A) (or over E,(A)). However, this fact does not affect the validity of all

considerations in the proof of Theorem 9.1.

Further, we pass to Problem (P;), which is obtained by adding the functional
J = 2(0) » min to System (R’). As was proved in Sec. 10, the subspace of critical
variations and the set A(w) do not change under this procedure; therefore, by analogy
with Theorem 10.1, the following theorem holds.

Theorem 14.3. Let the Pontryagin -y -sufficiency hold for the trajectory w in
System (R'). Then it holds also in Problem (Py), i.e., for some a >0, we have

max  Q[A](w) > ay(w) Vw e K(P). (14.1)

The next step consists in the passage from Problem (P;) to Problem (P.) in

2
which the equation

k—1
&= zro(x) + Z wir; (%) (14.2)
=1
is replaced by -
& = zugro(z) + Z wir; (), (14.3)
i=1

and the control ug that has appeared is bounded by the inequalities % <ug < 1. By
analogy with Theorem 12.2, the following theorem holds.

Theorem 14.4. The v -sufficient condition for the II -minimum in Problem (Py)

s equivalent to the ~ -suffictent condition for the II -minimum in Problem (P;_ ).
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With account for Theorem 7.2 (ii) from [9], the proof is a consequence of the

following lemma.

Lemma 14.2. The fulfilment of the property F on the set D(P1) is equivalent
to its fulfilment on the set ’D(P;_ ).

The proof repeats the proof of Lemma 12.1 with the only difference that now one has
to take |Azp(T)|+ |Azn(T)|* instead of |z(T) —b| in the violation function. Notice
again that since the term |z(T) — b| took only “passive” part in all considerations,
nothing will change under such replacement. The detailed verification of this fact is
left to the reader.

Then we pass from Problem (P;_) to Problem (P) with the control set wuy < 1.
Since this set and the set % < g <1 coincide in a neighborhood of the point 4, = 1,
the tangent cone N and the set A(w) will not change under such passage. Therefore
(as in Sec. 12), the families of Lagrange functions, the families of second variations
Q[A](w) of these functions, and the families of corresponding cubic functionals p[A](w@)
will not change as well. Thus, all the objects taking part in the formulation of the -~ -
sufficient conditions for the II-minimum in both problems will be the same. Hence,

by analogy with Theorem 12.1, the following theorem holds.

Theorem 14.5. The -~ -sufficient condition for the II -minimum in Prob-

lem (Pv) is equivalent to the v -sufficient condition for the II -minimum in Prob-
2

lem (P).

Finally, let us pass from Problem (P) to Problem (Y.) (see Sec. 10), which is

obtained as a result of replacement of the equation (14.3) by the initial equation (11.1)
(in which the whole right-hand side, not only its first term, is multiplied by Z).

Lemma 14.3. The validity of property F on the set D(P) is equivalent to its
validity on the set D(Y.).

The proof is similar to the proof of Lemma 11.1, which, in turn, almost literally
repeats the proof of Lemma 5.1.
This lemma and Theorem 7.2 (ii) from [9] yield the following theorem, which is

similar to Theorem 11.2.

Theorem 14.6. The v -sufficient condition for the I -minimum in Problem (P)

is equivalent to the ~ -sufficient condition for the II -minimum in Problem (Y.).

Summing up the passages made, from Theorems 14.2-14.6, we obtain the following

theorem.
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Theorem 14.7. Let the trajectory w in System (R) satisfy the quadratic II -
rigidity, i.e., let inequality (15.1) or (13.2) hold for some a > 0. Then w satisfies
the v -sufficient condition for the II -minimum in Problem (Y.), and hence is a point

of the strict II -minimum in Problem (Y.).

Now, as in Sec. 10, it remains to note that the strict II-minimum in Problem (Y.)
coincides with the strict IT-minimum in Problem (Z.), which differs from Prob-
lem (Y.) only by the fact that the right boundary condition in it has the initial form
z(T) — b = 0. Therefore, Theorem 14.7 implies Theorem 14.1; the proof of the latter

one has been just the aim of this section.

Thus, here we have covered the following path:

System (R) — System (R') — Problem (P;) — Problem (P.) —

2

— Problem (P) — Problem (Y.) — Problem (Z.),

but now without assumption on the singularity of the trajectory « in Problem (Z.).

Part IV
Special Cases, Examples and
Proofs of Auxiliary Statements

15 Special Cases

It will be shown here into what transform the Main Theorems in two special cases,
namely, when the distribution is two-dimensional and when the segment of the curve

is sufficiently small.

15.1 Two-dimensional case.

Let & = dimT'(z) = 2. Then, in Problem (S;) and System (R), the control is

one-dimensional: w = u; € IR. As is well known, the problems with one-dimensional
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control are essentially simpler than those with multidimensional control. In the case
of one-dimensional control, condition (11.8) (and also condition (7.17)) is automat-
ically satisfied; hence, E,(A) = G,(A), and the ~ -sufficient condition for the II-
minimum in Problems (Z.), (5), and (S1) coincides with the v -sufficient condition
for the weak minimum, while the quadratic rigidity in System (R) coincides with
the quadratic II-rigidity. But, since the quadratic rigidity of a trajectory is pre-
served in any associated basis, Theorem 14.1 implies the following theorem for the

two-dimensional distribution:

Theorem 15.1. Let a T -admissible curve #(t) connecting points a, b be
quadratically rigid, i.e., let in some associated basis the trajectory w = (2 = 1,&(t), 4 =
0) of System (R) satisfy inequality (7.20) or (7.21) for some a > 0. Then, in any as-
sociated basis, the trajectory w is a point of the strict II -minimum in Problem (Z.),
and hence, for any submetric that has a support (not necessarily strictly support) hy-
perplane in a neighborhood of &(t), the trajectory w = (2 = 1,&(¢),a = (1,0,...,0))

is a point of the strict minimum in Problem (Z) with respect to ||w||; .

Let us compare this theorem with Theorem 8.1. In both these theorems, the
hypothesis i1s one and the same. The conclusion of Theorem 15.1 differs from that of
Theorem 8.1 by the fact that, on the one hand, no strictness of the support hyperplane
is now required, but, on the other hand, only the minimality with respect to ||w]||; is
guaranteed for the given trajectory, instead of the strong minimality.

Theorem 15.1 is still stronger than Theorem 5.2 from [1]: in the latter only the
sub-Riemannian metric is admitted, and inequality (7.21) should be satisfied for an
individual quadratic form for some 1 € G,(¥y)) .

15.2 Sufficient conditions for small segments of curve.

Let #(t), t € [0,T], be a I -admissible curve, and let w = (2 = 1,%(t),4 =
(1,0,...,0)) be the corresponding trajectory of Problem (Z) in some associated basis.
We will consider this problem and also the corresponding System (R) on any segment
A = [t1,t5] C [0,T] with the endpoint conditions z(t1) = &(¢t1) and z(t2) = &(t2),
1.e., we will study the question of minimality and of rigidity of the given segment of the
curve in the set of all I'-admissible curves connecting the initial and terminal points
of this segment. The corresponding problem, system, and trajectory will all be marked
by the subscript A .
For the trajectory wa, it will be convenient for us to introduce the set

G (To(ta)) = | Ga(Po(iba)). (15.1)

a>0

First, let us give the following definition, which do not involve the submetric.
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Definition 15.1. Following [15], we call the curve &(t) quadratically rigid on
small segments if there exists 0 > 0 such that for any segment A C [0,7] of length
|A] < 4, the set G (Po(wa)) is not empty, i.e, there exists an n -dimensional Lips-
chitz function (t) that satisfies the adjoint equation (7.1), relations (7.2) and (7.17),
and inequality (7.18) for some a =a(A) >0 on A.

As is shown in [15, Sec. 6], the fulfilment of this "local” property does not imply
even the stationarity of the trajectory @ on the whole interval [0,T], i.e., it does not
imply the nonemptiness of Wy(w), not to mention the nonemptiness of G (¥o(w)).
On the other hand, the following theorem is proved in [15, Sec. 5] and [9, Sec. 6].

Theorem 15.2. Let the curve &(t) be quadratically rigid on small segments.
Then there exists & > 0 such that for any A C [0,T], |A| <4, inequality (7.21)
holds for some a = a(A) >0, i.e., the curve &a(t) is quadratically rigid.

Thus, if the curve is quadratically rigid on small segments, then all its sufficiently
small segments are indeed quadratically rigid, i.e., the sense of the above-introduced

notion corresponds to its wording.

Now let some submetric be given. Let us write Problem (Z) in an associated basis

for the given curve &(t), which is a support one for this submetric.

Definition 15.2. We say that a curve #(t) yields the Pontryagin (strong)
minimum in Problem (Z) on small segments if there exists § > 0 such that, for any
A C[0,T], |A] <4, the trajectory wa = (2 = 1,%(t),% = (1,0,...,0)) yields the

Pontryagin (respectively, strong) minimum in Problem (Za) .

Definition 15.3. We say that a curve &(t) yields the global minimum of distance
on small segments if there exists d > 0 such that, for any A C [0,T], |A| <4, the
curve Za 1s the shortest one among all T'-admissible curves connecting the same
initial and terminal points, i.e., the corresponding trajectory wa 1is a point of the

global minimum in Problem (Za) with the given submetric.

Lemmas 8.1-8.3 from [9] imply the following lemma.

Lemma 15.1. If the curve &(t) yields the strong (the strict strong) minimum of
distance on small segments in Problem (Z), then it yields the global (the strict global)

minimum of distance on small segments as well.

From here, by Theorems 15.2 and 8.1, we obtain the following theorem.

Theorem 15.3 (sufficient condition for the global minimum on small segments).

Let a curve &(t) be quadratically rigid on small segments. Then, for any submetric on
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['(z) having a strict support hyperplane in a neighborhood of &(t), this curve yields

the strict global minimum of distance on small segments.

This theorem is stronger than the results of [13, Theorem 5] and [1, Corol-
lary 5.2], since in both these papers: (a) only two-dimensional distributions and
only sub-Riemannian metrics are admitted; (b) it is assumed that G4 (Uo(w[0,T])) is

nonempty, whereas in Theorem 15.3 the trajectory w can be even nonstationary on
the whole interval [0,7].

Let us pass to the consideration of Theorem 14.1 on the Pontryagin minimum.
Recall that the Pontryagin minimum in Problem (Z) with any submetric is equivalent

to the minimum with respect to ||w||;. First, we prove the following simple fact.

Lemma 15.2. If the trajectory w yields the II -minimum on small segments in
Problem (Z), then it yields the strong minimum on small segments as well, and hence,
by Lemma 15.1, 1t also yields the global minimum on small segments. The same s

true for the strict minima.

Proof. Let there exist & > 0 such that for any closed interval A C [0,T] of
length |A] < 4, there exists ¢ = ¢(A) > 0 such that for any admissible trajectory
wa = (z,z,u) of Problem (Za) satisfying the inequality

=1 +|le - é

o+ |lu—l; < 2, (15.2)

the inequality J(wa) > J(wa) holds. It follows from the compactness arguments that

¢ can be assumed to be common for all A, |A|<§.

Thus, there exist §, ¢ > 0 such that for any closed interval A C [0,T] of length
|A] < 4, for any admissible trajectory wa = (z,z,u) of Problem (Za), satisfying
inequality (15.2), we have J(wa) > J(wa) .

Let a number K be such that |U(z)| < K for all & from the ¢ -neighborhood of
the set x. Then, for any admissible wa satisfying the inequality |z —1|+ |z —&||c <
e, we have u(t) € U(z(t)), and hence, [, |u — @|dt < 2KJ; therefore, assuming
d < €/(2K), we obtain that, for all such wa, inequality (15.2) automatically holds,

hence J(wa) > J(wa), and thus the strong minimality of wa on small segments is

established. The lemma is proved.

Similar to (15.1), let us now introduce the following set:

B (To(ia)) = | Ea(To(ida)), (15.3)

a>0

whose nonemptiness, as was already noted, depends on the choice of associated basis,

and let us give the following definition.
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Definition 15.4. The curve &(t) is called quadratically II -rigid on small seg-
ments in a given associated basis if there exists § > 0 such that for any segment
A C [0,T] of length |A| <4, the set E.(¥o(wa)) is nonempty, i.e., there exists an
n -dimensional Lipschitzian function (¢) satisfying the adjoint equation (7.1), rela-
tions (7.2), (7.17), and (11.8), and inequality (7.18) on A for some a = a(A) > 0.

Lemma 15.2 and Theorem 14.1 imply the following theorem.

Theorem 15.4. Let the trajectory w of System (R) written in some associ-
ated basis be quadratically II -rigid on small segments. Then, for any submetric from
the sheaf determined by this basis, this trajectory yields the strict global minimum in
Problem (Za) for small A, i.e., it is strictly shortest between its endpoints on small

seqments.

For the two-dimensional distribution, this theorem is stated as follows. (We again
take into account the fact that for the two-dimensional I'(z), the quadratic II -rigidity
1s equivalent to the “ordinary” quadratic rigidity, and the latter does not depend on

the choice of associated basis.)

Theorem 15.5. Let the trajectory w of System (R) be quadratically rigid on
small segments. Then this trajectory yields the strict global minimum of distance on

small segments for any submetric on I'(z), having a support hyperplane in a neigh-

borhood of &(t) .

This theorem is somewhat stronger than Theorem 15.3 (but only for two-
dimensional distributions), since the strictness of the support hyperplane is not required
here. It follows also from Theorem 15.1 and Lemma 15.2.

16 Examples
Here we consider several examples.

Example 1. Let the distribution in IR® be given by the following two vector

fields: 9 9
ro(z) = b(w1) — + c(z1) — and r(z) = —,
62133 62131
where b and ¢ are twice smooth functions of the scalar argument, satisfying the

conditions

b0)=1, ¢(0)=c(0)=0, ¢"(0)#0. (16.1)



The corresponding control system has the form & =wugro(x) +urri(z), ie.,
Zi?l = Uy, ii?2 = b(:nl)uo, ii?3 = c(:nl)uo.

We will study the trajectory #(¢) = (0,¢,0), a(t) = (1,0), ¢ € [0,T], with an
arbitrary fixed T' > 0. This trajectory connects the points (0,0,0) and (0,7,0).

(This example is a generalization of examples from [16, 13, 19]. The example from

[16] corresponds to b =1, ¢ = z?; the example from [13] to b=1—z;, ¢ = 22,

and the example from [19] to c(z1) = b(z1)z] with some specific function b. In all
these papers, the sub-Riemannian metric, in which the given basis is orthonormal, is

considered.)

The basis 79, 71 is associated for &(t), and the corresponding System (R) has

the following form:
Zi?l = U, £i32 = Zb(il?l), ii?3 == ZC(:Bl), z= 0,

z(0) = (0,0,0), z(T)=(0,T,0).

The control in this system is one-dimensional; @; = 0, 2z = 1. Here H = ¢u; +
thazb(x1) + Psze(x1), and, by definition, the set ¥y consists of all 3 -dimensional
functions (¢) normalized by | (0)| = 1, satisfying the adjoint system (7.1), i.e.,

1=~ b(0) — 3 ¢(0),  Ha=0,  th3=0,

and relations (7.2), i.e., 91 = 0, 3b(0) + ¢3¢(0) = 0.

In view of (16.1), this implies that W, consists of two constant vectors ¢ =
+(0,0,1). For each of these vectors, the Lagrange function (7.10) is of the form

T
0] = i (2200) = () + [ sclo) ).
and the second variation of this function is

Q)(z,5,4) = —s /OT ¢"(0) Z3 dt.

The subspace of critical variations is given by the linearization of all constraints
of System (R). Among the obtained relations we will have the equation #; = i,
Z1(0) = 0. Since the Goh variable § = #; € R' satisfies the same equation #; = 1,

71(0) =0, we have #; = ¢;, and, choosing 35 = sign ¢"(0), we obtain

Qi 2.0) > O [ 9P

whence inequality (7.20) is satisfied.
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Then, from Theorem 8.1 we conclude that, for any 7' and any submetric having
a strict support hyperplane in a neighborhood of #(¢) (in particular, for any sub-
Riemannian metric), the trajectory #(t) yields the strict strong minimum, and any
sufficiently small segment of this trajectory yields the strict global minimum of distance
between the endpoints of this segment. If the submetric has only a nonstrict support
hyperplane, then, by Theorem 15.1, the trajectory @ yields the strict minimum with
respect to ||w||;, and any sufficiently small segment of this trajectory still yields the
strict global minimum by Theorem 15.5. (In [16, 13, 19], for the corresponding exam-
ples, the strict global minimality is established only for small segments and only for
sub-Riemmanian metrics.)

Notice that if b(0) = 0, then the trajectory & can be nonsingular for some
submetrics in the corresponding Problems (Z) and (Si). For example, if one takes
the standard Euclidean metric ¢(z,u) = |u| in the above basis (i.e., if one assumes
that this basis is orthonormal), then this basis will be a support one for this metric (the
hodograph |u| < 1 is contained in the halfspace uy < 1), and in the corresponding
Problem (Z), or, what is equivalent, in Problem (S1), which is obtained by adding
the functional J = z(0) — min to System (R), the maximum principle for the given
trajectory will be fulfilled also with the vector 1 = (0,1,0), which does not belong to
Uy (w), since it is not orthogonal to I'(#). (For this vector, H(w) = ¢22b(0) =1 > 0.)
However, by Theorems 8.1, 15.1, and 15.5, this fact does not affect the validity of the

statements on the minimality of w .

Example 2. In [13], the proof of minimality of a certain class of abnormal tra-
jectories is reduced (with the help of some special transformations) to the study of the

following system, which the authors of that paper call the “normal form”:
&1 = wa(z) +veb(x),

&y = v (14 z1bs()),

&; = v bi(z), i=3,...,n.

The examined trajectory is ¢ =0, 9 =1, =z(0) = (0,29,0,...,0),
ie, #(t)=(0,z5+¢0,...,0).
It is assumed that bs(x) = zimi(x) + z3ns(z) + ... + zuna(2),
all functions a, b;, and 1; are smooth, and ni(&(¢t)) #0 V¢.
The assumptions on the coefficient bz imply that

bs(i(t)) = 0, 2—2(:@@))7&0 vt. (16.2)

(In essence, those assumptions are equivalent to these conditions.)
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In [13], the sub-Riemannian metric with the unit ball «? +v? <1 was considered,
and it was proved that the sufficiently small segments of the given trajectory yield the
strict global minimum with respect to this submetric.

Here u = u; and v = ug in our notations, and the basis in which the system is
written is associated for the trajectory &(t). We put a(z) =1 (or, which is the same,
we introduce a new control u; = a(x)u ), fix any interval [0, 7], and show that the set
G4+(¥y) is not empty for the given trajectory; hence, this trajectory is quadratically
rigid on small segments. From here, by Theorem 15.5, it follows that z yields the
strict global minimum on small segments with respect to any submetric having twice
smooth support hyperplane in a neighborhood of #(t), in particular, with respect to

any sub-Riemannian metric, not necessarily having the given basis as orthonormal.

System (R) here has the following form (we make the change of variables v — z):
&1 = u+ zx1bi (), &y = z (1 4 21b9()), &; = z w1 bi(x), 1=3,...,n.

The Pontryagin function is H = w )y + z¢s+ z @1 Yo g ¢ibi(z). The set ¥y consists
of all n -dimensional functions (¢) normalized by [¢(0)| = 1 satisfying the adjoint
system (7.1):

W = = hibi(2), (16.3)
=1
Po=0, 3=0, i=3,...,n,
and the orthogonality conditions (7.2):
uhr +v s +ods 3 Pibi(2) =0 Yu, v;
=1

from which ¥, =0, ¢, =0.

We will not describe the whole set ¥y; indicate only the following two constant
vectors contained in this set: ¢ = 6(0,0,1,0,...,0), with § = +1 (here the fulfilment
of (16.3) is ensured by the relation bs(2) = 0). For each of these ¢ the Lagrange

function is
B[](z, 2, u) = 8 (x?,(()) —2(T) + /OT(:;;?, ~ 2abg(2)) dt) ,

and the second variation of this function at the trajectory &(t) is

T
Q[W)(z7,9) = —9/0 31 (B () + Bons(8) + .. + Tana(@)) dt.
The subspace of critical variations is given by the relations
Zil = u —|— Zilbl(ii), ZiQ =z —|— Zile(ii),
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T; = T1bi(2), 1=3,...,nm;
z(0) =z(T) =
Passing to the Goh variables, 1.e., taking
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One can see from the above that the coefficient Q[A] = o [[r1,70],71] in (7.12)
and (7.16), which stands by >, is equal to —68n(£(¢)). Since, by the assumption,
m(&(t)) # 0 (ie., %(ﬁ:(t)) # 0), then choosing § = —sign n;(2), we obtain
that inequality (7.18) holds with some a > 0, ie., ¢ € G;(Py). (But, obviously,
—9 & G4(¥).) Thus, the set G (Po) for this trajectory is indeed nonempty, which

is the required result.

Moreover, one can find, for the functional (16.4) and for the above 6, the exact
bound of those T for which this functional will be positive definite. To this end,
taking 7 as a new control and taking &, i = 3,...,n, as new state variables, we
obtain an ordinary quadratic functional of CCV, and we must find the conjugate point
of this functional. However, in this case, one can take Z; as a new control, since
enters the functional (16.4) and system (16.5) only through Z;. One can show that
S22 dt ~ [T |§]>dt (see estimate (9.11)); therefore, the positive definiteness of

with respect to ||g||3 coincides with its positive definiteness with respect to ||Z1]|3 .
Denote #; = v and set, for brevity, n;(&(¢)) = n;(¢), bi(Z(t)) = b;(t). Assuming,
without loss of generality, that n;(¢) > 0, we have
T, no_
Q= /0 (@nu(t) + 03 Enilt)) dt,
=3
where & =bi(t)s, &O0)=&(T)=0, i=3,...,n.

The conjugate point T is the minimal value of 7' for which there exists a nonzero
stationary trajectory of this functional on the interval [0,7], i.e., a nontrival solution
to the Euler-Lagrange—Jacobi equation for this functional. Let us write this equation.

Here we have

H= S (0 03 Gl
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P = _Héi = ﬁni(t)v
= D ibi(t) — 2 (t) =D &imit)

from which, @ is expressed through ; and & :

i (3 Filt) = X &mtr).

Taking into account this expression, we obtain the following closed system of differential

<
Il

equations for ¢ and 1 :
£ =b(t)s, P, =m(t)s, i=3,...,n (16.6)
We are interested in the solutions to this system with the following initial conditions:
&(0) =0, 1 =3,...,m. (16.7)

Let X(t) and P(t) be (n—2)x(n—2)-matrices whose columns are a fundamental
system of solutions (&,4) to system (16.6), (16.7). Then Ty is the first value of ¢ > 0
for which det X(¢) =0.

If T < Ty, then Q (i.e., functional (16.4) for # = —1) is positive definite; hence,
condition (7.21) is satisfied; therefore, this trajectory is quadratically rigid, and, by
Theorem 8.1, it yields the strict strong minimum for any submetric having a strict
support hyperplane in a neighborhood of &(t), while, by Theorem 15.1, this trajectory

yields the strict II -minimum for any submetric having simply a support hyperplane.

If T > T, then functional (16.4) is not positive definite. Nevertheless, condition
(7.21) can be satisfied, since it involves the maximum of Q[¢] over all ¢ € G4 ().
For example, if not only the function bs(z), but also the function by(z) satisfies
condition (16.2), then, by analogy with preceding, the set ¥y contains also two con-
stant vectors ¢ = 6(0,0,0,1,0,...,0), 6 = +1; hence, for § = —sign % (z(t)), we
will again obtain ¢ € G4 (%), and it is possible to find the conjugate point T} for
the corresponding quadratic form. Then condition (7.21) is certainly satisfied for all
T < max (T, T}). However, this value can still not be the exact bound of those T for
which this condition is satisfied. In order to determine this bound, one has to describe
the whole set G(%y) and find the “conjugate point” for the functional (7.21). The

Jacobi theory for functionals of such kind is presented in [4].

Example 3 is due to A. A. Milyutin. In the space IR® with the coordinates

& = (®g, 1, &2, T3, x4), let us consider a three-dimensional distribution I'(z) generated
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by the vector fields ro(z) = eg, r1(z) = A1z, ra(z) = Ase, where ey = (1,0,0,0,0)

is a base vector, and the matrices A;, A; act as follows:
AliB == (0, Lo + 3, 0, L1 + 3, 2134)/, AQZB = (0, 0, Lo, 3, T2 + £B4)/

(here the prime denotes the passage from a row vector to the column vector), or, using
the notation of the vector fields in the form of differential operators,

ro(z) = io (a constant field) ,
Tl(ZB) = (il?o —|— £B3)8871 —|— (ZB]_ —|— £B3)% —|— :134%7

ro(z) = 5003872 + 2133% + (z2+ 2B4)3874

(It is not difficult to verify that Vz TI'*(z) = R, hence, I' is bracket generating,
although the dimension of I'(z) and I'?(z) can be different at different points.) The
following control system corresponds to this distribution:

T = upey + w1 A1z + usAsz .

~

Consider the trajectory &g =¢, & =2,=0, 23 =1, &4 = —1 on some interval
[to, T']. It connects the points z(ty) = (to,() 0,1,—-1) and =(T7) = (7,0,0,1,—1).
Along this trajectory, Vit dim I'(&(¢)) = dim T?(2(¢)) =

1s, obviously, an associated one, and the correspondlng System (R) has the form

4. The given basis

T =zey+ uAxr; +usAsx, z =0, 1.e
T = 2, z=0,
&1 = ui(@o + x3), Ty = U3 To,
&3 = uy (@1 + 23) + uows,
By = u1xs + uz(zs + 24).
The control in this system is now two-dimensional. Let us find the set Wq(w) .
Here the Pontryagin function is H = ztpg 4+ ui1(y, Arz) + ua(¢p, Asz) =
= oz + Prur(@o + ®3) + Yaus®o + Ysur (1 + ©3) + Psusxs + Yaur s + Paus(zs + 24).
The adjoint system has the form ¢ = —tp Ay —Ustp Ay = 0, 1.e., ¥ = const, and
the condition % L I'(£(¢)) means that o =0,
Hy,, = YA12 = 1(80 + 23) + 3(81 + &3) + aia = 0,
Hy, = YAk = oo + 3z + a(2 + &4) = 0.

For the given trajectory, the two last relations mean that V¢
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P1(t+ 1) + s —1py =0, Yot +1hs — 1y = 0,

whence 9, = ¢, = 0, o5 = ¢p4. Thus, up to normalization, the set ¥, consists of
the two constant vectors ¢ = 6(0,0,0,1,1), 6 = +1. For each of these vectors, the

Lagrange function has the form
B[p)(z, v, u) = 8(ws(to) — 23(T) + walto) — za(T) +

T T
(3 + &4) dt — / (wi(z1 + ©3) + vems + 124 + us(zs + 4)) dt)7
to

to

_|_

and its second variation at the trajectory w(t) is
T
(1(Z1 + Bs + Ta) + (T2 + T5 + 74) ) dt.

Qy)(z77) = 4 |
0
The subspace of critical variations is given by
iio - _, 2 - 0,
T= g (t+1),  Ty= Ut
u Ty = —U1 — Us,

Let us make the Goh transformation, i.e., let us set
y1(to) = Pa(to) = 0,

gl = 1_1’17 :’j2 = 1_1’27
EZEZ, 5;70:507
T =6+t +1), Ty = & + ot

Tz = &+ G1 + o, Ty =& — U1 — Jo.

Then ¢ is subjected to the equation
¢ g(to) - 0

E=Zey—Ye —Ysea,

Note that here & =& =0 and Z5+Z4=0.
In the new variables, we obtain

T@ﬂé+WV+U%)+ib@f+@g)ﬁ,

to

Q=96

El = =Y, gl(to) = 07 }
. (16.8)
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The following relations should hold at the right end:
2(T) = &(T) + (T + 1) jn(T) = 0,
T)= &(T)+Ty(T) =0,

z3(T) = 51(T) + 52(T) = 0.

To

Setting ¢1(7") = 3, we obtain from the last relation that ¢»(7) = —3, while two
preceding relations mean that

&(T) = —(T +1)B, &(T) = TB. (16.9)

Integrating by parts, we obtain

—6Q = (glﬁrl-l-gzﬁtz)‘T + (%ﬂf + ézjg)‘T —/tj(—yf+%%—g§+%§)dt =

Thus, for 8 = —1, we have
T
20— —(2T + 1) +/ (7 +2) dt, (16.10)
to

moreover, according to (16.9), we also have

T (16.11)

Here one can assume already that ¢; € L, and consider them as new controls, while
& can be considered as new state variables that are connected by relations (16.11)
at the time instant 7. From here one can see that the coefficient by #* in the given
quadratic form is @ = I (the identity 2x2-matrix); therefore, ¢ € G% (Pg), whereas
for 8 = 41, the matrix @ = —I, and so % does not satisfy condition (7.18) even
with a =0.

Thus, the set G (¥q) consists of a unique constant vector 9 = —(0,0,0,1,1), to
which there corresponds the quadratic form (16.10) with relations (16.8) and (16.11).
Therefore, the fulfillment of inequality (7.21) is equivalent to its fulfillment for the
quadratic form (16.10).

Let us establish what are those ¢t and T for which this quadratic form satisfies
(7.21) for some a > 0, i.e., for which it is positive definite. To this end, as is known

from the CCV. it is necessary to find the conjugate point of this quadratic form. Having
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fixed the time instant 7', one has to move t, (namely #,, and not T, for &(to) = 0),
and find the maximum value of ¢, for which Q(y) <0 for some nonzero function 4.
(Since the strengthened Legendre condition with respect to the new control is fulfilled
in our case, namely, ¢ > 0, we will always have that Q(y) > 0 for ¢, close to T.)
This can be done, for example, in the following way: having noticed that, for any fixed
(3, the functional € splits into the sum of functionals of %; and ¢, then find the
minimum of {} independently over §; and over #,. Thereby, we will find min Q for
the given . It is easy to see that here we have

T+1 T
1 = const = %ﬂ, Jo = const = —Kﬁ,

where A =T —ty, and then, for the given J,

T1p7 | T,
R

(Naturally, the obtained expression is quadratic in 3.)
It is seen from here that  will be positive definite if and only if (27 + 1) <
(272 + 2T + 1)/A. Therefore, if 2T +1 < 0, ie., if T < —1, then any A > 0

2
fits, 1.e., the given segment of the trajectory is quadratically rigid for any #, < T,

min = (—(2T +1)+

and hence, by Theorem 8.1, this segment yields the strict strong minimum for any
submetric that has a strict support hyperplane in a neighborhood of &(t). If, on the
other hand, 27 4+ 1 > 0, ie., if T > —1

29
will be quadratically rigid and will give the strict strong minimum, respectively, only

2T242T+1 2T242T+1 : : :
for A < ==, For A > =258 ie., for sufficiently distant negative fo, we

obtain that @ < 0 (for some §), and thus, according to [15], the quadratic necessary

then the given segment of the trajectory

condition for rigidity is violated; therefore, this segment of the trajectory is not rigid.
As for minimality of this segment, here we cannot state anything, having for the time

being only the necessary conditions at our disposal.
_% ,
in this example, is not a priori specified by anything on the examined trajectory.

It is interesting to note that the point T, = which plays some “critical” role

17 Appendices

Appendix A. Proof of Lemma 2.1.

Intuitively, the validity of this lemma is absolutely obvious, but the formal proof calls
for somewhat nontrivial constructions. Let us consider the case of nonstrict minima

here.
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It is clear that it is sufficient to prove the direct implication, i.e., to obtain the
minimum in the “geometric sense” from the presence of the strong minimum in Prob-

lem (Z). (The inverse implication is obvious.)

From the very beginning, we restrict ourselves to the consideration of a sufficiently
small neighborhood O(x) of the set x. Consider the hodograph of the submetric
F(z) = {Z € ()| q(x,%) <1} and the mapping p(z): R* = R", w— Y uiri(z),
for which p(z)R* = T'(z), and p(z)U(z) = F(z).

By Assumption A2, we have a smooth hyperplane [g(z) in I'(z) that is support
to the hodograph F'(z) at the point ro(z) on the set O(x). Let us extend it up to the
smooth hyperplane H(z) in the whole space R" in such a way that H(z)N\I'(z) =
Lo(z) and ro(z) ¢ H(xz). Making a smooth change of coordinates in O(x), one can
assume that the vector ro(z) = (1,0,...,0), the hyperplane H(z) is constant and is
given by the relation x; = 0, the set F(z) is contained in the halfspace z; <1, and
the trajectory w(t) has the form 2 =1, &(¢) =(¢0,...,0), a(t) =(1,0,...,0).

Assume that this trajectory yields the strong minimum in Problem (Z). This
means, by definition, that the following property holds.

Property A. If w., is a sequence of admissible trajectories, and if |zm — 1| + ||€m —
&llc — 0, then z, > 1 for all m sufficiently large.

By virtue of the specific character of Problem (Z), this implies the following

(formally, more strong) property.

Property B. If admissible trajectories w,, are such that ||&,—Z||c — 0, then z, >1

for all m sufficiently large.

Indeed, assume that z, < 1 for some subsequence. If z, — 1, then, by Prop-
erty A we have z, > 1, which contradicts the condition z, < 1. If, on the other
hand, z, < const < 1 for some subsequence, then there exists such a subsequence
B > 1 that z/ = B 2z — 1—0. Weset u! = t,,/Bm. Since B, > 1, we still have
u,,(t) € U(xm(t)). Then the trajectory wi, = (z,, %m,u.,,) with the same z,, will
be admissible, but, as was just established, we have a contradiction for this trajectory:

z]. <1 and at the same time, 2/, > 1. Thus, Property B is proved.

For any curve z(t), t € [0,T], we set §(x) = max dist(x(¢), x). We have to
prove that if d(x,,) — 0, then z, > 1 for large m. (All the time we speak about
the admissible trajectories of Problem (Z).) Assume the contrary: there exists a
sequence approaching to x, i.e., d(z,) — 0, but z, < 1. Let us show that in this
case ||&,;, —&||c — 0, and thereby, we obtain a contradiction with Property B. To this

end, it 1s sufficient to prove the following lemma.

Lemma A.1. Let 6(z,) — 0 and z, <1+o0(1). Then |z, —2Z|c —0.
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Proof. Let m be the projection of IR™ onto the coordinate z': w(z) = z' (the
number of the coordinate here is written as the superscript, since the subscript indicates

the number of the term of the sequence). Set s,,(t) = m(zn(t)) = z& (). Since

d(xm) — 0, we have that ,,(f) is uniformly close to (s, (t)) = (8m(t),0,...,0) =
(! (t),0,...,0). Since z,, € 2z, F(zn(t)) and 2z, <1+ o0(1), and the set F(z,.(t))

m

is contained in the halfspace z; <1, we have

bm(t) = 21 (1) < 14 ap, where a,, — 0.

m

Moreover, by virtue of the endpoint conditions ,,(0) = #(0) and z,,(T) = &(T), we
have $,,(0) =0 and s,(T) =T. Let us show that |[s,,(¢f) —t|[c = 0. Then Z(s.,(t))
will be uniformly close to #(¢) (due to its Lipschitz continuity) and, since () is
uniformly close to #(s,,(t)), we will have that @,,(¢) is uniformly close to &(¢), and
thus Lemma A.1 will be proved. (Notice that generally the curve #(s,,(t)) is not
admissible; it is only an intermediate point for the estimate of the distance between
Tm(t) and &(t).)

Thus, the whole matter is reduced to the proof of the following property of functions

of one variable.

Lemma A.2. Let absolutely continuous (Lipschitz continuous in our case) func-
tions Sy 1 [0,T] — IR be such that $,(0) =0, s,(T) =T, and $,(t) < 14 ay,
almost everywhere, where oy, — 0. Then ||sy(t) —t|lc — 0.

Proof. Making change of variables v,,(t) = s,(t) — t, we have v,(0) = 0,
v(T) = 0, and 0,(t) < a, — 0 almost everywhere, and it is required to prove
that [[vm|lc — 0.

From the presence of the upper bound for v,,(t), it obviously follows that it is

sufficient to prove the convergence v,,(t.) — 0 for each t.. Since always

[
om(t,) = /0 om(t) dt < amt. — 0,

then, in the case where there is no convergence to zero, we have liminf v, (t.) < 0,

or, passing to a subsequence, v,(t.) < —h < 0. But since the inequality
T
vm(T) — v(t.) < / o dt = 0,

holds on the interval [t.,T] as well, summing it with the preceding inequality, we
obtain that v,(T) < —h + o(1) < 0, which contradicts the condition wv,,(T) = 0.
Lemma A.2 is proved, and thus, Lemma A.1 is proved, and, hence, Lemma 2.1 for
nonstrict minima is also proved.

Now it is easy to prove this lemma also for the strict minima. We leave this as an

exercise to the reader.
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Appendix B

Let X be an arbitrary metric compact set, and ¢ : X x R¥ — R be a continuous

function, which, Y& € X, is a positive sublinear function in « € R" .

Lemma B.1. For each © € X, the set U(z) = {u|e(z,u) < 1} is a solid

compact set, which continuously depends on x in the Hausdorff metric.

Proof. The closedness of U(z) follows from the continuity of ¢ in w, while the
boundedness of this set follows from the sublinearity and from the positivity of ¢ in w;
therefore the compactness of U(xz) is proved. Since ¢(z,0) =0 and ¢ is continuous
in w, we have 0 € int U(z). (All these are well-known facts of convex analysis.)

Now let ®, — zo. We have to prove that U(z,) — U(xo) in the Hausdorff
metric. For the compact sets, this is equivalent to the fulfillment of the following two
properties: (a) if u, € U(x,), w, — uo, then wug € U(zo), and (b)if uy € U(zo),
then there exist w, € U(z,) such that w, — uo .

In the case (a), u, € U(z,,) means that ¢(z,,u,) <1, and then, by virtue of the
continuity of ¢, we obtain in the limit, @(zo,uo) <1, i.e., indeed ug € U(zo) .

In the case (b), we have @(xg,up) < 1; therefore, ¢(z,,uo) < o, — 1, whence,
due to the sublinearity of ¢, we obtain (=, ;‘—"’l) <1, ie, up =2t € U(z,), and,

Uy, — ug. Lemma is proved.

Lemma B.2. Let U(z) be a family of compact sets in IR*, continuously depend-
ing, in the Hausdorff metric, on a parameter x from a metric compact set X. Then

the union of these compact sets U' =, U(z) is also a compact set.

Proof. The continuity of U(z) obviously implies that the function |U(z)| =
max{|u| : w € U(z)} is continuous, then, on the compact set X, it is bounded
from above by a number p. This means that each U(z) is contained in the ball of
radius p; therefore, the set U’ is also contained in this ball, i.e., is bounded. Let us
prove its closedness. Let u, € U', w, — uo. Then w, € U(z,) for some z, € X. By
compactness of X, we have z, — xy € X for some subsequence. But then, due to
the continuity of U(z), we obtain wuy = limw,, € U(zg); therefore uy € U'. Lemma

is proved.

Lemma B.3. Let, the under conditions of the preceeding lemma, all compact sets
U(z) be convex, and let the point 4 € IR* be such that Yz € X, it is the unique
mazimum point of the linear function l(u) =wug on U(x). Then there exists a convex
solid compact set U containing all U(z), = € X, for which 4 is also the unique

mazimum point of the function l(u) on U.

Proof. One can always assume that at least one of the compact sets U(z) is solid.

(If not, then we add the convex hull of any solid compact set lying in the halfspace

71



I(u) < (@) and of the point @ to this family.) We set U’ = |, U(z). By Lemma B2,
it is a compact set; moreover, it is solid. It is clear that @ is still a unique maximum
point of the function I(w) on this set. Let us take its convex hull U=colU'. Asis
known, this hull is also compact. Let us show that « is a unique maximum point of
I(u) on it. Indeed, assume that there exists w € U, wu # 4, for which I(u) > I(4).

Then, by definition, u = Z o;us, where all u, € U', «; >0, and Y «; = 1. Since
here I(u) <l(4) Vi, the mequahty I(w) > (@) is fulfilled only in the case when V4

l(u}) =1(u), i.e., when all u, = 4. But then their convex combination u = @, which

contradicts the assumption that w # @. Lemma is proved.

(Obviously, all these three lemmas remain valid for an arbitrary compact set AX';

one should just replace the corresponding sequences by generalized sequences.)

In the context of Sec. 4, one can take as the compact set X the closure of any

sufficiently small neighborhood of the set x .

Appendix C. Proof of formula (7.11)

From (7.10), the expression for € in the initial variables directly follows:

QY](z, z,a) = —/OT(Z'l)b(rg;E) + %¢(rg£ T) + 2ﬂi¢(r§:ﬁ))dt. (17.1)

Substituting # = € + ¥ ¢;7;(#) into it and removing the parentheses, we obtain in

the new variables:

_ T 1 o
Wl E5.0) = — [ (29008 + 2 55907, +5¢<r3£,£>+ (172)

- 1
+D G (ro &) + 2 Zﬂiﬂj P(rg i rs) + D wip(ri€) + Zuly] (rirs) )dt-
ij

Let us try to transform the last two terms in such a way that u; will be excluded, if
possible. To this end, let us integrate these terms by parts taking into account that
w;dt = dy;. To begin with, notice that for any symmetric absolutely continuous matrix
S(t), we have (Sy,y) = (S’gj,gj) + 2(Sy,u); therefore,

1 (T

r 2

/()T(S(t)g’ﬁ) dt = %(5177:'3) (S(t)7,7) dt.

For an arbitrary absolutely continuous matrix C(t) we have C = S 4+ V, where
S = 2(C + C*) is the symmetrical part of this matrix and V = £ (C — C*) is its
skew-symmetrical part. Then, (5¢,9) = (Cy,¥), and, therefore,

1 T . 1 (T
-5 [Copa+s [ (c-crpaa

0




Then the last term in (17.2) can be written in the form

+
T

T1 ’ C_ T1 ’ ’ _
‘|'/0 2 Z(lb (W“j)) Yiijj dt — /0 2 > (riry — riri) @:g; dt.
Opening the total derivative with respect to ¢ in the middle term by the formula

T 1
[ S wm i) dt = —2 bl 5
7]

d

dz
at 90(513)

o a2 1A N
o PG = PO

and using the Lie brackets [f,g] = f'g — ¢'f, we obtain the following expression for
the last term of (17.2):

T1
+ /0 9 Z¢ (—rgrir; + riror; + Tér;ro) ¥;y; dt— (17.3)
T

1
—5 ¥ (rirg) 9:9;
T 1 e
—/0 5 2V i ri] wig; dt

Now let us integrate by parts the next to the last term of (17.2), taking into account
Eq. (7.8) for ¢:

[ =Y a vt = - Y 59010
T
—/Zgji¢(r6r§§r) dt + /Zgji¢(r§’ro,€) dt +

+ [ g (Ere+ i &+ X gilroril) de (17.4)

Now let us collect the similar terms in (17.2)—(17.4).
The terms of the type zZy are present in (17.2) and in (17.4):

/Z(—z Gi (i) + 2 i p(viro) )dt = /Z 29 [ri, 7o dt. (17.5)
But it is easy to see that the following holds along #(t) :
d
P [15,70] = = (1) =0, since, by virtue of the MP, ¢r;(2) =0;  (17.6)

therefore, the term (17.5) disappears.
The terms of the type z¢ and &€ are present only in (17.2); they are

[ (208~ 0 (4 €.6))a (7.1



The terms of the type £ are present in (17.2) and in (17.4); they add up to
/Z(—ﬂi (g &) — e p(riri ©) + Ta (v} 70, &) + s (riry §) ) dit. (17.8)

Since the matrix of second derivatives of every component of every vector field r;(z)
is symmetrical, then V&7 € R* (r/&,7) = (r!'7,£), therefore, we can interchange
ro and & in the third term of the obtained relation, and then, having noticed that

d )

. [ri,70] € = . ((rgro — ry7;) ﬁt) = ré'érro + rgrgg— rgérn — T '€,

we can write the whole expression (17.8) in the form
[ S gl &t (17.9)
The terms of the type §y from (17.2)—(17.4) add up to
/ % Z Giy; Y (—rorir; — rorir; + riror; + rgr;ro + 27 [ro, 7;]) dt.

It 1s not difficult to verify that this value coincides with the following one:
1
[ 5 S wdilrislro,ri) ] de. (17.10)

To this end, one should open all Lie brackets and interchange subscripts ¢ and j in
some terms. This can be done, since the relation Y a;;4:4; = 3 a;4;y; holds for any
quadratic form.

Further, the term of the type §u is present only in (17.3); it is equal to
1 -
/5 Z¢ [ri, 3] gsi; di (17.11)

(here we interchanged some subscripts as well as the sign).
Finally, consider the terms outside the integral that have appeared due to the
integration by parts. They are present in (17.3) and (17.4):

— DG 9( ‘

But, by virtue of the endpoint relation (7.9), &(T) = — X 4;(T) r;(2(T)); therefore,

the term outside the integral is equal to

_Z ¢ 7 7“] yly]

S Y () (17.12)
1 T

Summing up (17.7)—(17.12), we obtain formula (7.11).
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Now let us consider the quadratic form Qg[¢](@) for Problem (S) corresponding
to Eq. (11.4). The linearization (11.5) of this equation differs from the linearization
(7.4) of Eq. (6.1) of Problem (S;) ounly by the fact that now the sum Y @;r;(2) is
taken over ¢ not from 1, but from 0 to k& — 1. As was already said, two additional
terms (11.7) will appear in the second variation of Lagrange function for Eq. (11.4) as
compared with (7.11). The first of them is indeed a new one: — [ Zug (¢ ro) dt, and,
since, by virtue of the MP, we have 1 ro(2) = const ( =0 for the singular trajectory),

this term is equal to
— Z5jo (¥ 7o), (17.13)

As for the second term, it corresponds to the fact that the sum in the last term of
(17.1) should again be taken over ¢ =0,1,...,k— 1. Then Qg[¢p] will have the form
(7.11), in which all sums are taken over ¢, beginning from 0, plus the additional term
(17.13) outside the integral. Thus, finally, Qg will differ from (7.11) by the presence
of the following additional terms (they correspond to ¢ =0, j =0):

k—1

(~20 (#r0) + 5 T (i) + 5 O G (riro + 7))
2

=1

+
T

1k1

/ Z yzyO ru rO ] dt.

(Here we have used (17.6) and the fact that [ro(z),ro(z)] =0 at any point =.)

Now let us define the set G,(A(S)) taking into account that Problem (S) involves
the pointwise constraint uo(t) < 1, and therefore, that Qg should be considered on the
pointwise cone N = {@ € R* |@, < 0} (tangent to this constraint). For a quadratic
form of the general form (7.12), under the presence of the constraint @(t) € N, this
set, according to [7, 8, 9], consists of all A € A(S) satisfying conditions (7.14) on
the maximal subspace Ny containing in N, and, moreover, satisfying the following

condition:

(VIAI®)g,u) =0 Vye No, e N. (17.14)

For Problem (S), the subspace Ny = {u&|uo = 0}; therefore, conditions (7.14) mean
that conditions (7.17) and (7.18) are satisfied, while the additional condition (17.14)
means that condition (7.17) is satisfied also for j = 0: 9(¢)[ri,70](Z(¢)) = 0. But,
according to (17.6), this condition is automatically satisfied by virtue of the MP. Thus,
for Problem (5), the set G,(A(S)) is defined by the same conditions (7.17) and (7.18).
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Appendix D

Proof of the estimate (9.11). We set # = ¢ + By. From Eq. (9.10), we
have ¢ = A€ + (AB — B)y, and since y(0) = 0, we obtain £(0) = z(0). Then
€]l < const (ja(0)| + [lyllz) < consty/y(w), and, therefore, |lz]|> < [|¢]l2 + || Byll: <
const \/,m In addition, |z(T)| < |&(T)| + |By(T)| < const \/,m Summing up

these estimates, we obtain the estimate (9.11).

Proof of Lemma 9.2. This lemma practically repeats Lemma 6.4 from [5]; how-
ever, we will give its prove here for completeness of the presentation. Since (z,u,)
satisfy Eq. (9.10), then by virtue of estimate (9.11),

O + Lo TIP + [ ol dt < O(30), (17.15)

Then we have

Q(w},) = Qwn) + Qwn) + 2(Spn, Pr) +

42 /0 T((Dxn,:in) + (20, Citn) + (¥, Cu) ) dt. (17.16)

Estimate (9.12) implies Q(w,) = o(v,). It follows from (17.15) that |p,| =
[(2,(0), 2.(T))| < O(/7n), and (9.12) implies that |p,| < o(,/7n); therefore, the
mixed term outside the integral in (17.16) is also o(7,). The first two integral mixed

terms satisfy the following estimate (we write it out only for the second term):

/\(xn,can)\dt < const |||z [[fn]l2 = 0 (7n) (17.17)

which is valid by virtue of the same estimates (17.15) and (9.12).

It remains to estimate the last integral term in (17.16), for which the direct esti-
mate, similar to (17.17), is not valid. We will estimate this term using the principal
method that is applied in the study of problems which are linear in control; namely,

we will intergrate it by parts, bearing in mind that wu, = y,. We then obtain

T

/ N Cun)dt = (80, Cya)| — / (5o Cy) + (5, Oy

0

Substituting &, = A#,+ B, in this relation and taking into account (9.12), we again

obtain that the whole this value is o(7,). Thus, Lemma 9.2 is proved.

76



Appendix E

Here we write out the cubic functional p[A](w) and present the definition of the set
E.(A) for Problem (S) from Sec. 11.

Assume that for the general system that is linear in control: & = fy(z,t)+F(z,t)u,
where w € R* and F is a n x k— matrix, the following problem is considered:
g(p) =0, @i(p) <0, i=1,....,v, J=¢o(p) = min, u € U, where p = (zo,z7),
and U is a polyhedral set in IR®, and let an examined trajectory @ = (z,4) be
given. We will assume that @(¢) is continuous and V¢ lies in the relative interior of
one and the same face of the set U .

According to [5, 8, 9], we must consider the following expansion of the system

equation at the trajectory w up to the quadratic term of the type Zu :

= At)Z + B(t)a + (R(t)z,4) +...,
this expansion is determined by the matrices A(t) = fi(&(t),t) + F'(&(t), t)a(t),
B(t) = F(#(t),t), and by the tensor R(t) = F'(Z(t),t) (the prime denotes the deriva-
tive with respect to ), and for each A € A we must determine the cubic functional
T

(3 Huxal2,2, ) + (oM, (R()2, )| .

(@) = [

0

Further, we must put here # = B(t)y, where, as always in this paper, i = @, (0) = 0;

as a result, we obtain the functional

oN@) = [ (N0 5.5.5) b (17.15)

where E[A](#) is a third-rank tensor in the space IR*. For each fixed t,, this tensor

determines the following differential 1-form:

Let N be the tangent cone to the set U at the point @(t). Due to the assumptions
on w(t), this cone does not depend on ¢. Let Ny be the maximal linear subspace that
is contained in N. Then, according to [5], the set E,(A) consists of all A € G,(A) for
which the 1-form w[A](¢.) is closed (or, equivalently, is exact, since everything takes
place in R¥) for every t,: dw[)\](t.) = 0. Here the differential is taken with respect
to ¢, while A and ¢. play the role of parameters.

Let us reveal what this condition means for Problem (S) in Sec. 11. The state
variables here are z,z; the Pontryagin function is H[A](z,z,u) = zug(¢,7mo(x)) +

Y u;(¢,r;(x)). The expansion of system (11.4) at the trajectory @ has the form

k—1 k—1
= zro(2) + ry(2)T + D wmi(®) + D wri(d)E + ..., (17.19)
1=0 1=0



the above values B(t)u and (R(t)Z,u) are, respectively, the next to the last and

the last written terms in this expansion. Then we have the following on the subspace
NO == {ﬂo == 0} :
1 k—1

p[A| () = /T (——Z i (v (&), )—I—Zy] (7(@)( Zul )) dt. (17.20)

(The variables Zz, iy do not enter this expression; (r/Z,Z) is a vector-valued quadratic
form; we then take the inner product of this form and the covector ¢.) Substituting

T =Y ysrs(Z) into the above expression, we obtain

n[Al(7) = / (——Zuzygys (rf'ryra) + Y WidiyGa b (ririrs) ) dt,

178 178

and hence

OJ[ = =35 Z ¢ T, TJ yﬂ/sdyz + Z ¢ r rgrs) gjgsdgi'

178 178

All the coeflicients here are constant (frozen at the point ¢.); therefore, it is not
difficult to verify that the closedness of this 1-form is equivalent to the fulfilment of

the following relations:
o [rs [ri, ] |(2(¢)) = 0, Vi, 58 =1,...,k—1. (17.21)

Indeed, we have
1
dwA(t.) = 3 3 (rirjr) (7. dg; A di + g dga A di) +

+ 3 p(rrira) (Fa di; A i + 55 dia A dgi) = 0.
The relation dw = 0 (we omit A,t.) means that, for any triple of subscripts
0,7, =1,...,k—1, the coeflicients by the monomials ¥, (dy; Ady;) and ¢, (dy; \dy;)

add up to zero, i.e.,
1, Lo
—g Ylririrs) + 5 ¢(7° Tits) = 5 P(rireg) + 5 ¢(7° rari) +
(i) )+ lortns) — Pl = 0

One can change the order of arguments in the first two terms of this relation ( r;, 7,

and 7, r4, respectively) and then, collecting similar terms, we obtain
—p(rirer;) 4+ P(rirer) + (17.22)
+ p(rjrirs) — (rivira) + P(ririr;) — P(reriri) = 0.
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(The last four terms are not changed.)

one

On the other hand, if one opens the double Lie brackets in relation (17.21), then
obtains exactly relation (17.22). Thus, the equivalence of the condition dw = 0

to relations (17.21) is proved.
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